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Abstract The Interval Branch-and-Bound Method for global optimization over a
compact right parallelepiped, parallel to the coordinate axes, forms the basis of a new
stochastic method which can be applied even when function values are only known as
black boxes. The stochastic method is described and convergence to the set of global
minimizers is proved under the assumption that the number of stationary points is finite.
The method has been implemented in C4++, and numerical experiments with some well
known test problems in up to 10 variables are described. Comparisons are made with the
interval method.

1 Introduction

Many technical and economic problems can be formulated as mathematical programming
problems, i.e. as the minimization of a function f: D — R where D C R". Very often
the function f has several local minima only one of those being interesting, namely the
smallest one:

fF=inf{f(z) |z € D}. (1)
The infinum value f* is called the global minimum and the set of points where it is
attained is called the set of global minimizers.
The problem of constructing an automatic procedure (i.e. a computer program) which is
guaranteed to find this set has not been solved, and it probably never will be. Interval
analytic methods solve the problem for a limited class of problems, as mentioned below.
Most other methods either give no guarantee for convergence, or convergence is in general
(i.e. for larger dimensions) prohibitively slow. Some techniques are semi-automatic, i.e.
it is required that a skilled engineer uses his insight into the technical problem which
is modeled by the optimization problem to ’help’ the optimization method. Often this
can lead to solutions which could not have been found by fully automatic optimization
methods. An example of such a technique is given in [1].
In this paper we develop an automatic optimization method. Having the exponential
complexity of the global optimization problem in mind, we do not intend to guarantee
that the solution is found, but rather to try to get the best possible result that can be
obtained by using a limited amount of computational resources. Thus the user should
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specify how much storage and computer time can be afforded rather than specifying some
accuracy tolerance as reqired by many traditional approaches.
Since the classical deterministic method based on interval arithmetic has been rather
successful (see e.g. the book of Eldon Hansen, [6]) we base our new technique on the same
general branch-and-bound principle, but without the requirement that interval arithmetic
must be applicable. Thus the new method is a strategy for managing local methods (as
e.g. quasi-Newton methods) in a branch-and-bound search for global minimizers.
The basic interval strategy is the following: At any stage of the procedure we assume to
have a finite number of

subdomains D; C D

lower bounds, LB(D;), on min{f(z) |z € D;}

upper bounds, UB(D;), on max{f(z) |z € D;}
with the property that any global minimizer is contained in the union of all D;.
Throughout the paper we assume that D is a compact right parallelepiped parallel to
the coordinate axes (denoted a box). This assumption could be weakened but it does not
change the basic ideas, and it makes the techniques much simpler. Furthermore we assume
that f is a smooth function (i.e. twice continuously differentiable). This assumption is
necessary to ensure that the local optimization methods will work.
In Section 2 the general branch-and-bound scheme is given, and two realizations of the
scheme are described:

(a) The interval method which has guaranteed convergence to the set of global minimiz-
ers. Drawback: It is required that an explicit expression for calculating function
values f(z) can be supplied.

(b) A new stochastic strategy intended to estimate the interval method without having
the need of being rigorous. This method is generally applicable (i.e. finding f(z)
may be considered a black box calculation). Drawback: The guaranteed convergence
property is lost.

In Section 3 the new algorithm, based on (b), is presented. Section 4 describes numerical
experiments and comparisons with other methods.

2 The general Branch-and-Bound Scheme

We wish to find the global minimum f* as well as all points z* for which f(z*) = f*.
Using the notation

J(X)={[f(z) |z € X}, XcD (2)



initialize — C, fbound
while not stop do
remove-best-box (C') — B
reduce-or-subdivide(B) — result, fbound
C = CU{result}
for D, € C do if LB(D;) > fbound then C = C\ D,

end

Figure 1: Model algorithm

for the range of f over X the problem can be formulated as follows,

find f=inf{f(D)}

and X*={zeD|f(x)=/"} (3)
Futhermore, we use the notation C' for a finite set of subdomains D;,2 = 1,...,p, of D
with the properties
D; is a box
X*CuU_ D, CD (4)

C' is denoted the candidate set and the Branch-and-Bound Scheme aims to reduce C'

and make it converge to X™*. In our description we shall use the notations p; = D; if D;
is a point (a degenerate box) and B; = D; otherwise (i.e. D; is a Box),so C ={D;} =
(p}U{B} .
Initially ¢ = {D} = {B;} assuming the problem is non-trivial. Now the idea is to
consider the ”smallest” (in some sense related to the function values) non-trivial element
B; from C and try to reduce it without violating (4) . If no reduction takes place, however,
then B; is subdivided into two or more non-trivial pieces. In any case B; is removed from
C', and either the reduced set or the pieces (denoted result below) is added to C'. An
important feature is the dynamic threshold value, fbound say, which is used to reduce C':
fbound is an upper limit for f* so if for some value of 1 LB(D;) > fbound then D; can
be removed from C'. Therefore the global minimum is included as follows

min{LB(D;) | D; € C} < f* < fbound (5)

The model algorithm is shown in Figure 1. Of course the for-statement needs not
always search the whole of C'. This depends on the data structure used. Futhermore,
it only needs to be executed when fbound has been changed. stop is a function which
returns true when all elements of C are points or the inclusion ( 5) of the minimum is
sufficiently narrow. Since any known function value can be used as fbound ( f* < f(z) for
any = € D) fbound is reduced every time a better function value is found.

This basic algorithm was first published by Stig Skelboe [15] who used it in an interval
analytic implementation for minimizing rational functions by bisection of subdomains.



2.1 Interval Version

Interval arithmetic and analysis was introduced during the 1960’s and the standard in-
troductory textbook was authored by Ramon E. Moore, [10]. In interval arithmetic the
basic arithmetic operations {4+, —,*,/} on real numbers are replaced by corresponding
operations on real intervals. Furthermore the standard functions (sin(.),cos(.),exp(.),
etc.) are defined on the set of real intervals. Therefore, if a real function value f(b), with
b € R, can be calculated by a finite number of these operations and standard functions
then it is straight forward to insert intervals instead of real numbers in the calculation.
This provides an interval function value F(B) (where B is a box) with the properties

/(B) € F(B)
d(f(B), F(B)) = O(w(B)) (6)

where w(B) denotes the width of B,

(bi —

NE

w(B) =

b)
=1
B={b|b<b<h) (7)

and d is the distance between two intervals, i.e. the maximum of the distances between
corresponding end points. Thus interval arithmetic provides automatic calculation of
lower and upper bounds on function ranges, and if the width of B goes to zero then the
overestimate disappears at a linear rate. However, for large values of w(B) the overesti-
mate can be quite severe.

The interval global optimization method was basically developed during the 1970’s ([15],[11],[4],[5])
but since then many researchers have improved the method. A thorough description in-
cluding theoretical as well as practical aspects can be found in [6]. The basic principle is
that lower and upper bounds of function ranges are deducted from the interval function
values, e.g. LB(B) is defined as the lower bound of F(B), and furthermore w(B) is
forced to tend towards zero, if necessary.

The general scheme of Figure 1 is realized as follows:

o inilialize: C =D, fbound=max{F(D)}.

e remove-best-box(C): The most common strategy is to remove that box B from C

which has the smallest value of min{F(B)}.

o reduce-or-subdivide( B ): 1t is first tested if monotonicity of f in B can be detected
in some coordinate direction, based on interval extensions of the partial derivatives
of f. If monotonicity cannot be detected then it is tested if an interval Newton-
reduction of f can be made: That is, testing if the interval Newton method, applied
to the gradient of f, will reduce B (and hence converge to a stationary point of f
in B (see e.g. [10])). One condition for feasibility of this reduction is that there is
at most one stationary point in B.

If both tests fail then B is subdivided into two non-trivial boxes. The most com-
mon strategy is to halve that side of B which has the largest width. A thorough
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if monotone then result:= mon(B)
else if Newton-reduction then result:= Newton(B)
else subdivide(B)— B', B
result:= {B', B*}

Figure 2: reduce-or-subdivide

discussion of splitting strategies may be found in [3].

Figure 2 shows the structure of the reduction scheme. Here mon( B) is the result of
the monotonicity reduction and Newton( B) is the result of the interval Newton it-
eration: mon(B) C BNAJ(D) (where d(D) is the boundary of D), and Newton(B)
is either a single stationary point (in case of convergence) or BN d(D).

fbound is decreased if any smaller function value or upper bound is found during
the reduction of B.

2.2 A Stochastic Version

A stochastic realization of the branch-and-bound scheme of Figure 1 was presented in [8].
The motivation is the success of the interval realization of the algorithm which is very
efficient when it is applicable, provided the problem dimension n is relatively small. In
the stochastic version function and gradient calculations are considered as black boxes
- in contrast to the interval version where explicit expressions are needed. The price to
be paid is that we loose the safety of the interval method: Lower and upper bounds of
function ranges cannot be calculated exactly, they must be estimated.

Therefore the realization is based on information about f (and perhaps f’), calculated
at a number of points in the box B. LB(B) is estimated from these points using the
known function values and and an estimated Lipschitz constant.

The general scheme of Figure 1 is realized as follows:

e initialize: C ={D}, fbound = .

e remove-best-box(C): The box B from C which has the smallest (known) function
value is chosen.

o reduce-or-subdivide(B ): The structure of Figure 2 is used.

The monotonicity test of the interval method is replaced by a test based on gradient
calculations (or perhaps finite difference estimates to gradients) at a number of
randomly chosen points in B. The random test points may be supplemented by
some strategically chosen points. If there exists at least one coordinate x; for which
df/0xz;(x) has constant sign for all points z in consideration, then we decide that
no stationary point exists in B. mon( B) is the result of the monotonicity reduction
and is defined as in the interval method.

The Newton-reduction is based on a number of Quasi-Newton iterations started at
some of the "best” known points in B. Newton-reduction is true if and only if one



of the following two situations occur:

1. 1If all iteration sequences go out of B then it is decided that B contains no
stationary point, and Newton( B) is defined as in the interval version.

2. If all iteration sequences converge to the same point = € B then we decide that
B has exactly one stationary point, and therefore B is discarded and p = {z} is
added to result.

fbound always represents the smallest function value which is seen during the whole
calculation.

In this algorithm several parameters have to be chosen: It must be decided how many
points are used for the monotonicity test and how many starting points are used for the
Newton-reduction. Such points are denoted sample points in the following. The fewer
sample points the more efficient is the method when applied to "easy” problems. On
the other hand, the safety of the method is improved as the number of sample points is
increased: The propability of making wrong decisions during the reduction phase becomes
smaller. Thus the choice of ideal parameters will depend on an a priori knowledge about
the problem which may often be difficult for the user to obtain.

3 The New Method

This Section describes the version of the stochastic strategy of Subsection 2.2 which has
produced the results presented in Section 4. Since solutions may be lost because of the
uncertainty of the decisions made during the monotonicity and Newton tests the method
is imbedded into a loop which restarts the calculation. The idea is to utilize the experience
obtained during previous iterations: For instance the subdivision of D and the stationary
points which have been obtained may reflect some structure of the objective function, and
the basis for choosing the parameters used by the algorithm may have been improved.
Therefore we keep an outer candidate set G, in addition to the candidate set C', which
always includes the whole of D. Thus boxes are never really eliminated during the
reduce-and-subdivide phase, but if result only covers a subset of the current box B then
B (supplied with the information we have found about stationary points in B) is added
to a garbage collector G (the outer candidate set). In the outer iteration the garbage
collector forms the basis for a re-definition of the inner candidate set (': For each box
B in the garbage collector we use the available information about the local mimizers of
B in a device which splits B into several boxes that are all added to C'. Furthermore
parameters which determine the number of points used during the tests of the reduction
phase in the inner iteration may be changed in the outer iteration in order to increase the
safety of the method. The rationale is that if not all global minimizers are found during
the first outer iteration then the problem seems to be harder than expected, and more
care should be taken in subsequent iterations.

The structure of the new algorithm is shown in Figure 3. The lower bound reduction is
imbedded into the Newton-reduction of the reduce-or-subdivide procedure. We decided to
do this because our experiments indicate that it is more efficient only to use the estimated
lower bound when there are several stationary points in B.

The boolean inner-stop is true when C' contains no boxes (i.e. only points). The outer



initialize — C, fbound, G
while not time-limit do
while not inner-stop do
remove-best-box (C') — B
reduce-or-subdivide(B) — result, fbound, garbage
C = CU{result}
G = G U{garbage}
end
SolSet:={p e C| f(p) < fbound + p1}
while G # () do
remove () — B
split (B) — result
C = CU{result}
end
perhaps adjust reduction parameters
end

Figure 3: New algorithm

stopping condition is a time limit set by the user. The longer time spent, the better result
should be expected. For small dimensions the whole set of global minimizers should
normally be found in a rather modest amount of computer time. For large dimensions,
however, we cannot in general expect to find the solution (3) because of the exponential
complexity of the problem, and thus a user determined time limit may be the most
reasonable stopping condition.

Many other conditions might be natural: For instance stopping could be based on the
relative amount of time spent since the last candidate for a global minimizer was found.
One could also include some of the stochastic stopping rules which have been proposed
over the years (for a survey, see for instance [2]).

Some details of the algorithm are to be explained.

Consider first the reduce-or-subdivide procedure which has a structure very similar to that
of Figure 2. The new version is summarized in Figure 4.

o Sample points. Two strategies are used for choosing these points. First we use the

following regular distribution of up to 2n 41 points: One point at m(B), the centre
of B, and two points for each coordinate direction, m(B) :I:%w(B(j)) ke;,j =1,..,n,
where B = BM x ... x B™ and e; is the j-th unit vector. Such points are called
reqular.
Secondly we may use random points, uniformly distributed in B. These points are
called random. The total number of sample points, p1 = nsampie, has to be provided
by the user. The sample points are chosen in the order they are mentioned here
(Nsampie May be less than 2n + 1).



o Monotonicily test. If a stationary point has previously been found in B then f is
not likely to be monotone in B, and hence the test is skipped (i.e. monotone=false,
see Figure 4). Otherwise monotonicity is tested at the sample points as described
in Subsection 2.2. If a reduction takes place then result is defined as in the interval
method: resull= BN J(D) in case [ decreases towards d(D), else resull={. The
variable garbage is set to B.

o Newton-test. Local searches for finding stationary points of f in B are started from
each sample point. The local technique used in our tests is a version of Powell’s
Dog-Leg Method, [13], which is efficient and allows for an easy control of the step
lengths.

We distinguish between the following four cases:
Case 1. Every iteration sequence has an iterate which is outside of B. result is
defined as in the interval method: result= Newton(B)=BNJ(D), and garbage = B.
(In practice "outside of B” means "outside of B plus 10 %”.)
Case 2. All iteration sequences provide convergence to the same point =z € B.
result=Newton(B)={z} and garbage = B. (In practice each Newton iteration is
stopped by using one of the usual stopping rules for local searches (infinite iterations
being prevented), and two stopping points are considered equal if their distance is
less than a user provided parameter p; = €qpyster -)
Case 3. Several stationary points have been found in B. In this case the lower
bound reduction may take place. The lower bound LB(B) is estimated as follows:
For every gradient value f’(z) calculated during the Newton-test we find || f'(z)]|
and let mazgrad be the maximum of these. Then we estimate LB(B) from the
sample points x;:

flai) + f(z;) — mazgrad - ||z; — x|

LB(B) = min 2 (8)

This estimate has been the most successful among several we have tried We have
decided not to use all the points generated by the local search in order to perform
less calculations. LB(B) is corrected if it is greater than the smallest minimum
found in the B.

If LB(B) > fbound then result = () and garbage = B. Otherwise subdivision
takes place.

Case 4. None of the first 3 situations has occured and subdivision takes place.

o Subdivision. If several stationary points have been found in B then the splitting
into two is done so each new box contains (known) stationary points. Otherwise
the splitting divides B into two equal parts separated by a hyperplane through the
centre of B and perpendicular to the side of maximal length. result consists of the
two new parts and garbage = ()

The variable SolSet is intended to converge towards the set of global minimizers, X*. u
is a positive number which is intended to distinguish X* from other stationary points.



if monotone then
result:= BN J(D)
garbage:= B
else if (case 1) or (case 2) then
result:= Newton(B)

garbage:= B
else if (case 3) and (LB(B) > fbound) then
result:= ()
garbage:= B

else subdivide(B)— B', B?
result:= {B', B*}
garbage:=()
update fbound

Figure 4: New reduce-or-subdivide

In the second inner while-loop the garbage set GG is emptied. The remove procedure
takes one box from the garbage set G and stores it in B. Then this box is subdivided
into two parts by the split procedure.

Different splitting approaches are used depending on the number of stationary points
found in B: If there is either none or more than one such points then B is split into two
parts as in the subdivision above. If there is exactly one stationary point then we find the
coordinate for which the distance from this point to the border is maximal. The splitting
plane is chosen to be perpendicular to this coordinate axis, and it is shifted from the point
to a certain value in the direction where the distance to the boundary is maximal. The
distance from the point to the splitting plane is a fixed percentage of the distance from
the point to the boundary of B.

We finish this section by analyzing the convergence properties of the method. Under mild
conditions we can prove convergence to the set of global minimizers. One requirement is
that g must be chosen sufficiently small, i.e. g must separate X* from other stationary
points in the sense of inequality (9) below. The key observation in the proof is that no
box can remain large during the iteration, i.e. the boxes in the candidate set will all be
small when the algorithm has been running for long enough time. (Of course this (finite)
time may be enormous and quite unrealistic in practice!)

We need the following definition:

Definition 1 Let S denote the sel of stationary points in D and let {xq,z1,...} be the
points generated by a search method. The search method is locally stable in D if it has
the following properties:

(i) 3¢ > 0 : if s € S and ||xzo — s|| < € then ||x; — s|| < € for all iterates x;, and
d(zi,s) = 0 for 1 — occ.

(it) Ye > 036 > 0: if d(zo,S) > € then there exists an iterate x; with ||zg — x| > 9.



Theorem 1 Assume the number of stationary points of f is finite, and that the version
of the Newton method used is locally stable in D .
Let € > 0 be given. Then there exists an iteration count k such that after k outer loops
(1) SolSet C {z | d(z, X*) < ¢}
(12) Va* € X* dp € SolSet : d(p,z*) < ¢

provided p is chosen small enough.

Proof: Consider the first inner while-loop of Figure 3. If result is a proper subset of B
(see Figure 4) then the dimensionality of result is less than that of B, and garbage = B.
Otherwise the subdivision procedure is used, and since the number of stationary points
is finite each of the two new parts must have a volume less than 1 — n*(the volume of
B) where n > 0 is independent of B. Thus for any ¢; > 0 there exists an integer ¢ such
that after ¢ inner loops any box treated will have a diameter less than ¢, .

Next we show that the first inner while-loop must be finite: If the width of a box B treated
in the loop is small enough then the finite number of stationary points and the stability
of the search method imply that either monotinicity, case 1 or case 2 will occur during
the reduce-and-subdivide phase. Hence B will be reduced to a point (or the dimension
of B will be reduced in case of BN d(D) # () when the volume of B is sufficiently
small. Thus each treated box will be either eliminated or reduced to a point p (and hence
eliminated from C') when its volume is below a certain limit, and hence the part of D
which is covered by the elements of ' must disappear after a finite number of iterations.
Hence he first inner while-loop must be finite.

Furthermore the elements of G cover D after the first while-loop since garbage= B when-
ever a reduction of B takes place.

The split procedure guarantees that no box in G can remain large during the outer itera-
tions, i.e. for any n > 0 we obtain w(B) <5 for all boxes B € C after a certain number
of outer iterations.

Let € > 0 be given. Since the search method is locally stable, and since the number of
stationary points is finite there exists €3, 0 < €3 < €, such that w(B) < € implies that
BUS # 0 provides convergence to a stationary point in B, and BUS = ) provides
iteration out of B. Thus SolSet C {z | d(z,5) < €2} C {z | d(z,5) < €} after a finite
number of outer loops. This proves (i) if S = X*.

Otherwise let

b= (F = 7)) (9)

where ¥ = min{F(s)|s € S\X*} and F* = F(z*), 2* € X*. Let ¢3 < ¢; be chosen
SO

(a) d(z, X*) < e3= F(z) < F*+p

(b) d(z, S\X*) < e3= F(z) > F*"" —
Now assume w(B) < ¢ for all boxes B € C'. Then (a) implies

F* < fbound < F* + (10)

Therefore (b), the choice of p, and the definition of SolSet imply SolSet C {z |
A, X7) < ) C {o | dlw, X*) < ¢}
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Finally, let 2* € X*. If 2* € B with w(B) < €3 then the first inner loop will provide a
point p € B. From the first inequality of (@) and (10) we obtain p € SolSet, and thus
(ii) is proved since d(p,z*) < e3 < e.

This completes the proof. J

4 Computational results

The method has been implemented in C++, [16], and the programme is available on
request.

In the following we present results from solving 12 test problems of dimensions ranging
from 2 to 10. The first 4 function are quite easy for the method since they have only
one local (and hence global) minimizer in . Number 5 has several local and 1 global
minimizer in D. Number 6-10 have up to 10® local and 1 global minimizer in D. Finally,
the last two problems have a few hundred local and 9 global minimizers in D. The
problems are listed in Subsection 5.

4.1 Numerical Results

In Table 1 we illustrate capability of the method to find the solution in the case when the
cluster radius py = €qyster 18 fixed to 0.1, and the number of sample points p; = nggmpie 18
tuned to provide the best performance. These results are not necessarily the best possible,
though, as we have not used random points and have not experimented with p;.

Table 2 illustrates the situation when the best combination of the parameters is un-
known to the user. In this case we let the number of sample points, ngumpe be 2n + 1,
where n is the dimension of the problem, (still having €uster = 0.1).

Based on our extensive computational experiments with the method we can provide

the following general recommendations on the choice of parameters.
If the function to be optimized is unimodal, it is clear that the search sequences, ideally,
can lead to no more than one point. In this case just a few (or even one) starting points
are usually needed to find the solution (and thus random sampling is not necessary). In
case of a multimodal function the number of sample points should be larger. We recom-
mend to use at least n points to start, where n is dimension of the problem. Random
sampling sometimes leads to significant speed up.

4.2 Comparison with Multistart

This comparison was carried out to demonstrate the performance gain our method gives
compared to an ordinary Multistart method. The principle of the Multistart search is the
following: It generates a certain number of random points within the given initial box
D, and starts local search sequences from each point. We have constructed a Multistart
method, and the results of applying this Multistart method to the test problems are given
in Table 3.
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Function | Dim. | Local | Global | nsumpie First All
F | dF F dF
5.1 2 1 1 11124 1104 | 124 | 104
5.2 2 1 1 1] 15] 11 15 11
5.3 3 1 1 1] 14 8 14 8
5.4 10 1 1 11 33| 13 33 13
| 5.5 4 10 1] 1] 3] 22| 30| 22
5.6 4 | 71000 1 41999 | 943 | 999 | 943
5.6 5 10° 1 71607 | 585 | 607 | 585
5.6 6 108 1 51724 1690 | 724 | 690
5.6 7 108 1 4 | 574 | 516 | 574 | 516
5.7 10 103 1 21255 | 197 | 255 | 197
5.8 2 400 9 2| 17| 13| 3396 | 2733
5.9 2 760 9 4 | 208 | 199 | 4494 | 4350

Where:

Function - test function number

Dim. - dimensionality
Local - number of local minimizers in D

Global - number of global minimizers in D
Nsample - NumMber of sample points
First - number of function and derivative calls to find first global minimizer

All - number of function and derivative calls to find all global minimizers

Table 1: Running with tuned parameter ngumpie and €qyster = 0.1
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Function | Dim. | Local | Global | Found First All
F dF F dF
5.1 2 1 1 1 109 | 108 109 108
5.2 2 1 1 1 15 11 15 11
5.3 3 1 1 1 14 8 14 8
5.4 10 1 1 1 33 13 33 13
| 55 4] 10| 1 1] 30| 22] 30 22
5.6 4171000 1 17951 | 7943 | 7951 | 7943
5.6 5 10° 1 1| 950 | 942 950 942
5.6 6 106 1 11524 | 1513 | 1524 | 1513
5.6 7 108 1 1| 2449 | 2445 | 2449 | 2445
5.7 10 10° 1 111196 | 1178 | 1196 | 1178
5.8 2 760 9 9 17 13 | 10198 | 10194
5.9 2 400 9 91 192 | 189 | 7164 | 7163

Where:

Function - test function number

Dim. - dimensionality

Local - number of local minimizers in D

Global - number of global minimizers in D

Found - number of found global minimizers

First - number of function and derivative calls to find the first global minimizer
All - number of function and derivative calls to find all global minimizer

Table 2: Running with fixed parameters: ngumpie = 2n + 1, €gyster = 0.1
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Function | Dim. | Exp#1 | Exp#2 | Exp#3 | Exp#4 | Exp#5
5.1 2 161 387 27 346 374
5.2 2 10 7 26 8 26
5.3 3 39 32 53 48 34
541 10 31 21 22 29 18
55 4] 340 26| 146 343 255
5.6 4] 26904 | 7070 | 83326 | 18848 | 73883
5.6 5| 17517 | 29874 | 25286 | 1348 | 5113
5.6 6| 5928 | 9047 [ 46690 | 20931 | 3273
5.6 7| 79842 | 67797 | 83577 | 48896 | 6316
571 10 285 312 110 282 218
5.8 2 216 421 538 106 722

12891 | 10622 | 7375 | 9108 | 10226
5.9 2 66 257 366 447 463
5133 | 6401 | 7498 | 7497 | 7132

Where:

Function - test function number
Dim. - dimensionality

Exp#n - experiment number n

Table 3: Running Multistart
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Function | Dim. | MS first | NM first | MS all | NM all | INT all
5.1 2 259 109 17
5.2 2 16 15 -
5.3 3 42 14 269
5.4 10 25 33 2356
| 55 4] 222 | 30 | | - |
5.6 4 42006 7951 535
5.6 5 15828 950 1486
5.6 6 17174 1524 6137
5.6 7 57286 2445 23795
5.7 10 242 1196 417
5.8 2 401 17 | 10045 | 10194 691
5.9 2 320 192 6733 7164 273

Where:

Function - test function number

Dim. - dimensionality

MS first - F(X) evaluations made by Multistart to find first global minimizer

NM first - F(X) evaluations made by new method to find first global minimizer

MS all - F(X) evaluations made by Multistart to find all global minimizers

NM all - F(X) evaluations made by new method to find all global minimizers

INT all - F(X) evaluations made by the Interval Method ([7], version IB) to find all global

minimizers ( 7-” means: Not tested).

Table 4: Comparing with Multistart and Interval Method

Five experiments were made for each test function. The numbers in columns Exp#n
indicate the amount of function and gradient calculations needed to find the first global
minimizer. For the two problems with several global minimizers there are two lines in
the table, the second line providing the the amount of function and gradient calculations
needed to find the all minimizers.

In Table 4 we compare mean numbers of function evaluations for successful tests taken
from Table 3 with numbers of function evaluations from Table 2. As one can see from the
table, for some functions Multistart search outperforms our method. For function 5.4 we
should take into consideration the fact that initially 21 points are sampled in the box, and
the number of function evaluations for them is included in the numbers from NM first and
NM all columns. We can not state the reason why Multistart outperforms our method
for functions 5.8, 5.9 and 5.7. It is possible that the method parameters were chosen
unsuccessfully for these tests. For the rest of the functions our method shows significant
improvement. The general conclusion is that the more complicated the function, the more
our method outperforms Multistart.

15



5 Test functions

We had to persuade two contrary aims: to select more high-dimensional problems but, at
the same time, they should be well known to the majority. The highest dimensionality of
our test functions is 10.

Functions with only one local minimizer:

5.1 Rosenbrock function

Dimension: n = 2
Interval: X =[-10,10]"
Formula:

f(z) =100(zy — xf)Q +(1— x1)2

Global minimum: 0
Set of minimizers: (1,1)

5.2 McCormick function

Dimension: n = 2
Interval: X = ([—1.5,4],[—3,4])
Formula:
f(z) =sin(zy + 22) + (21 — ;1;2)2 — 1.5z, + 2529+ 1

Global minimum: —1.9133
Set of minimizers: (—0.54719, —1.54719)

5.3 Box & Betts exponential quadratic sum

Dimension: n =3
Interval: X =([0.9,1.2],[9,11.2],[0.9,1.2])
Formula:

flz) = Z lexp(—0.10z1) — exp(—0.1z9) — (exp(—0.17) — exp(—i))$3]2

=1

Global minimum: 0
Set of minimizers: (1,10,1)

5.4 Paviani function

Dimension: n = 10
Interval: X =[2.001,9.999]"
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Formula: 5
ﬂ@:}j@ﬂ@_m+m%m—an—<ﬂm)
=1 ;
Global minimum: —45.778470
Set of minimizers: (9.350266,9.350266, ...,9.350266)

A function with several local and 1 global minimizer:

5.5 Shekel function

Dimension: n =4
Interval: X = [0, 10]"
Formula:

where for m = 10:

Ay = (4,4,4,4) ¢ =01  Ag=(2,9,2,9) s = 0.6
Ay=(1,1,1,1) =02 A;=(5,5,3,3) cr =03
As=(8,8,8,8) 3 =02 Ag=(8,1,8,1) cs = 0.7
Ay =(6,6,6,6) cs =04 Ag=(6,2,6,2) co = 0.5
As = (3,7,3,7) ¢s =04  Ajg=(7,3.6,7,3.6) c1o=0.5

Global minimum: close to —10.0
Set of minimizers: close to (4,4,4,4)

5.6 Levy function

Dimension: n =4 —7
Interval:
for n=4: X =[-10,10]"
for n=5-7: X =[-5,5]"
Formula:

n—1

f(x) =sin®(Brazy) + > (s — 1)*(1 +sin’*(37zi41)) + (2, — 1)(1 + sin®(272,,))

=1

Global minimum:

for n=4: —21.502356

for n=5-7: —11.504403

Set of minimizers:

for n=4: (1,1,1,—-9.752356)
for n=5-7: (1,...,1,—4.754402)
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5.7 Griewank function

Dimension: n = 10
Interval: X = [-500,700]"
Formula:

fla) = gmf/4000 - Ecos (%) +1

Global minimum: 0
Set of minimizers: (0,0,...,0)

Functions with many local and 9 global minimizers:

5.8 Shubert function

Dimension: n = 2
Interval: X =[-10,10]"
Formula:

f(z) = —ZZJ sin((j + 1)a: + )

Global minimum: —24.062499
Set of minimizers:

(—6.774576, —6.774576) (—6.774576,—0.491391) (—6.774576,5.791794)
(—0.491391, —6.774576) (—0.491391, —0.491391) (—0.491391,5.791794)
(5.791794, —6.774576)  (5.791794, —0.491391)  (5.791794,5.791794)

5.9 Hansen function

Dimension: n = 2
Interval: X = [-10,10]"
Formula: . .
flz) = Zicos((i — Dy +1) Z] cos((j 4+ Dz + J)
=1 7=1
Global minimum: —176.541793
Set of minimizers:

(—7.589893, —7.708314) (—7.589893, —1.425128) (—7.589893,4.858057)
(—1.306708, —7.708314) (—1.306708, —1.425128) (—1.306708,4.858057)
(4.976478, —7.708314) (4.976478, —1.425128)  (4.976478,4.858057)
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