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Abstract
This paper presents a simple approach to the pricing of options on
spread and some arguments in favor of modelling the spread using its two
components instead of the spread itself. We show that, even in a simple
Gaussian setting, the spread should not be modelled directly, and that
convergence speeds of the two components are crucial parameters. There
exist conditions, discussed in this paper, under which the analysis can be
reduced to a two-factor model based on the dynamics of the spread itself.
Hence, we propose a three-factor model based on the dynamics of the riskless rate and of the two components of the spread. This is done by following the Longstaff (1990) methodology and with the assumption that both
the riskless rate and the spread or its two components follow correlated
Ornstein-Uhlenbeck processes. Greeks analysis shows that spread options
have some very specific features compared to the Black-Scholes-Merton
(1973) option model. Moreover, the results show that the mispricing is
important and not systematic when one chooses a spread option model
based on the dynamics of the spread instead of using the dynamics of its
two components. We finally show how the spread option model allows us
to price other yield derivatives, like options to exchange a yield for another
or the options on the maximum or the minimum of two yields.
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EXECUTIVE SUMMARY
In the early nineties a new generation of derivative instruments, based on
credit and currency risks, has emerged. Among other products, the market for
spread options has expanded rapidly despite little theoretical knowledge of them.
Spread options are derivative instruments whose payoff depends on the spread
between two different assets or variables. Spread options are now extensively used
in interest rate risk management and have been largely developed. Some of the
best known spread options, introduced by Goldman Sachs, are the SYCURVE
(options on the slope of a yield curve), the MOTTO (the spread between mortgage
and treasury securities) and the ISO (spread between domestic and foreign fixed
income securities). Hence, spread options are by definition an interesting tool for
managing credit risk as well as domestic-foreign interest-rate risk.
However, despite the rapid growth of the spread option market, which still
remains mainly over-the-counter (OTC), the valuation of spread options has yet
to be well developed. Existing models are not well suited to the case of interest
rate spread. Margrabe (1978) and Ravindran (1993) have proposed to valuing
spread options in a Black-Scholes-Merton (1973) setting, which implies that the
short-term interest rate has to be constant and that the spread must be given by
the difference between two log-normally distributed traded assets. Hence, relying
on more realistic assumptions on the spread and the interest rate dynamics,
Longstaff and Schwartz (1995) have suggested to modelling interest rate spread
options under the assumption that the spread is a non-traded asset, log-normally
distributed and correlated with a stochastic short-term interest rate.
This paper will take the Longstaff and Schwartz (1995) proposition one step
further by modelling directly the components of the spread instead of the spread
itself. By assuming that the components of the spread and the short-term interest
rate dynamics are given by three correlated mean-reverting Ornstein-Uhlenbeck
processes, we are able to provide a new analytical formula.
A numerical analysis illustrates the main properties of interest rate spread
options. It first shows that their value can be below the intrinsic option value,
contrarily to the classic options on stock. Further, the Vega, i.e. the sensitivity of the spread option to the spread volatility is not necessarily positive and
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monotonic, while an increase in the correlation coefficient between the two spread
components still yields a decrease of the option price.
We show that a three-factor model allows for more ‡exibility than a two-factor
model, such as the Longstaff and Schwartz model, but we also show how it can
be ”dangerous” to reduce the spread specification to a single variable. By not
specifying the dynamics of the spread components, one looses a non-negligible
quantity of information contained in the convergence speed of the two variables.
In other terms, a spread of two percent between four and six percent is radically
different from a spread of two percent between ten and twelve percent. This
straightforward observation yields a strong difference in spread options prices, if
one utilizes a two-factor model instead of a three-factor model. Thus, we also
propose a two-factor model, based on the assumption that the spread follows an
Ornstein-Uhlenbeck process. We next compare this new model numerically to the
three-factor model and show that the mispricing can be huge and not systematic.
In conclusion, we emphasize that even in a simple Gaussian setting, the spread
specification may not be reduced to a single-variable problem. There is sufficient
information contained in the convergence speed to suggest modelling the two
spread components instead of the spread itself in order to price any kind of
interest-rate spread options.

3

1. INTRODUCTION
Interest in spread options has rapidly increased since the beginning of the nineties.
They were introduced by Goldman Sachs, who developed several spread options
such as the SYCURVE options, which are options on the slope of a yield curve,
the MOTTO options, which are options on the spread between mortgage and
Treasury securities, or the ISO options, which are options on the spread between
foreign fixed-income securities and other foreign fixed-income securities. These
examples highlight the great interest in spread options because they are useful
in managing two different sources of risk: exchange rate risk and credit risk.
Financial markets are increasingly interested in credit risk, and banks as well
as financialinstitutions are looking for credit risk hedging instruments. Hence,
when the spread is calculated as the difference between a corporate bond yield
and a government bond yield, spread options often prove a useful instrument
for credit risk management. Moreover, when the spread is based on two foreign
fixed-income securities, as in the case of ISO options, spread options can serve to
hedge a position in a diffswap.
However, if several spread option valuation models are proposed, their effectiveness in terms of credit spread or foreign/domestic interest rate spread is
brought into question. Since the early work of Margrabe [1978], two streams of research have appeared. The first stream of research, initiated by Margrabe [1978]
and followed by Ravindran [1993] among others, is based on a Black-ScholesMerton [1973] setting: they assume that the spread is the difference between two
traded assets following log-normal processes (geometric Brownian motion) and
that the riskless interest rate is constant. These hypotheses cannot be justified
in the case of a spread between two yields. Empirical studies tend to show that
a mean-reverting process is, in general, more sustainable than a geometric Brownian motion to model the dynamics of the interest rates. Furthermore, yields are
not traded assets and it is difficult to suppose that the riskless rate is constant
while the risky rate varies through time. Hence, a second strand of research,
pioneered by Longstaffand Schwartz [1995], assumes that the spread is not a
traded asset and that the riskless rate is stochastic, possibly correlated with the
spread. Nevertheless, both approaches tend to model the spread directly without
taking into consideration its two components; no one has yet to ask what the
consequences of this assumption would be.
Hence, the goal of this paper is first to propose an original analytical formula
for spread options, based on more realistic hypotheses, assuming that the spread
is composed by two non-traded and mean-reverting components and that the
riskless rate is also mean-reverting, stochastic and possibly correlated with the
spread components. It allows us to investigate the impact on pricing of the
characterization choice of the spread. By means of a further analytical formula
where the spread is modelled directly, we also compare numerically the two- and
three-factor models. Finally, we show how the three-factor spread option formula
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enables us to value other credit risk derivatives, such as options on a maximum
or a minimum of two yields.
The remainder of this paper is organized as follows. In the first section, we
show the condition under which a spread can be expressed directly when the
dynamics of its two components are given by two correlated Ornstein-Uhlenbeck
processes. We then provide in the second section an analytical formula for pricing
spread options, based on the processes of the yields, instead of the spread itself.
In the third section, we discuss the implications of choosing either the two- or
three-factors model in terms of spread options pricing. Finally, we shall extend
our results to the valuation of other claims contingent to two yields, such as
minimum or maximum options.

2. SPREAD SPECIFICATION AND IMPLICATIONS
This section is devoted to the analysis of the specification choice of the spread.
Before selecting a specific process to model the dynamics of the spread or of its
two components, one needs to ask whether we can directly model the spread as
one variable directly or if it is necessary to take into account its two components.
In a Black-Scholes-Merton [1973] setting, Margrabe [1978] has first defined the
price of an option to exchange an asset for another, which is equivalent to a
spread option with a zero strike. Then Ravindran [1993] extended Margrabe’s
results by allowing the spread to take any positive values. Since both used a
geometric Brownian motion to describe the dynamics of the underlying assets,
their methods are useful in the case of a spread between two stocks. However, the
hypothesis of mean-reverting process, such as the Ornstein-Uhlenbeck process,
is more appropriate in the case of a spread between two yields. Following a
geometric Brownian motion, a yield is supposed to grow exponentially, whereas
a mean-reverting process implies that the yield has a tendency to vary towards
its long-term mean. If the current value of the yield lies above its long-term
mean, the yield should decrease, at least in expectation and if the current value
of the yield is below its long-term mean, it should increase. Thus, the Longstaff
and Schwartz [1995] approach seems to be more accurate to price yield spread
options. Longstaff and Schwartz [1995] applied an Ornstein-Uhlenbeck process
to the logarithm of a credit spread between a number of Moody’s bond indexes
and the long-term US treasury bond yield. It is clear that the use of the spread
as a variable in itself simplifies the spread options’ model and decreases the
number of parameters to estimate. However, we argue that the spread can not
be reduced to one variable and that Longstaff and Schwartz [1995], by modelling
the spread itself, lose important information. So, the core question is in when can
the dynamics of the two yields be replaced by the spread itself? We provide a
necessary and sufficient condition, when the yields follow two Ornstein-Uhlenbeck
processes.
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Denote the two yields respectively by Xt and Yt : Let us assume that their
dynamics are given by two Ornstein-Uhlenbeck processes:
dXt = ®X (¯ X ¡ Xt ) dt + ¾X dWt1

(2.1)

dYt = ®Y (¯ Y ¡ Yt ) dt + ¾ Y dWt2

(2.2)

Wt1 and Wt2 are two correlated Brownian motions with correlations ½X;Y given
by
½X;Y dt = dWt1 dWt2

(2.3)

Wt1 and Wt2 are defined on a probability space (-; F ; P) : The information structure is given by the filtration fFt ; 0 5 t 5 T g, generated by the Brownian motions
Wt1 and Wt2 . Let S be the yield spread defined as (X ¡ Y ) : Thus, the dynamics
of S are given by:
dSt = (®X ¯ X ¡ ®Y ¯ Y ¡ (®X X ¡ ®Y Y )) dt + ¾ X dWt1 ¡ ¾X dWt2

(2.4)

Definition 2.1. Let Zt be defined on the probability space (-; F ; P) such that:

q

¡
¢
Zt = ¾X Wt1 ¡ ¾ Y Wt2 =¾ S

(2.5)

with ¾ S = ¾2X + ¾2Y ¡ 2½X;Y ¾X ¾ Y
One can verify that Zt respects the usual properties of Brownian motions, i.e.
Zt is a martingale, has a continuous path and dZt dZt = dt:
Equation (2.4) can be simplified to:
dSt = (®X ¯ X ¡ ®Y ¯ Y ¡ ®X S ¡ (®X ¡ ®Y ) Y ) dt + ¾ S dZt

(2.6)

or
dSt = ®X

µ

¯S ¡ S ¡

µ

®X ¡ ®Y
®X

¶ ¶
Y dt + ¾ S dZt

(2.7)

Y ¯Y
with ¯ S = ®X ¯ X®¡®
X
Obviously, equation (2.7) can also be rewritten so that S depends on X instead
of Y: If the convergence speeds of the yields differ, the infinitesimal variation of
S is directly linked to the current value of Y . It leads to the following result:
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Proposition 2.2. Let X and Y be given by (2.1) and (2.2). The spread S;
defined as (X ¡ Y ) ; follows an Ornstein-Uhlenbeck process if and only if ®X =
®Y .
Then, if the convergence speeds of X and Y differ, the dynamics of the spread
cannot be explained only by the spread. Knowledge of one of the two yields is
required. In short, we lose important information by taking into account the
spread alone. The following example shows the importance of the convergence
speeds:
Example 2.3. We have assumed that the yields follow Ornstein-Uhlenbeck processes. This induces that X and Y are mean-reverting towards their long-term
means, resp. ¯ X and ¯ Y ; with convergence speeds, ®X and ®Y : Let assume that:
¯ X =0.08, ¯ Y =0.04, ®X =0.1 and ®Y =0.7. The spread would vary towards 4%. If
the current level of X and Y are 0.08 and 0.07 respectively, the spread is equal
to 1%. Moreover, since X is equal to its long term mean and Y has a high
adjustment speed relative to X, the spread should increase rapidly, at least in
expectation. Suppose now that X and Y are equal to 0.05 and 0.04 respectively.
The spread is still equal to 1% but will converge to 4% at a lower speed since in
expectation, Y should not vary whereas X should increase albeit slowly.
The proposition (2.2) is true in the case of Ornstein-Uhlenbeck processes but
cannot be directly extended to a larger class of processes. For example, the
equality is a necessary condition in the case of the Cox, Ingersoll and Ross [1985]
process, but the square root form of the diffusion term implies that it is not
sufficient. It must have an important impact in terms of the pricing of claims
contingent on yield spreads. Moreover, this impact should be tempered for longterm options since the yields are expected to converge to their long-term mean,
whatever their current level. Thus, knowing the level of the spread is not enough
to determine its future path. A spread option model based only on the dynamics
of the spread therefore will be less precise than a model using the dynamics of
its two components, unless the convergence speeds are equal.

3. A NEW THREE-FACTOR MODEL
As we have shown in the previous section, it is important to take into account
the dynamics of each component of the spread rather than to rely on a simplified
process for the spread itself. In this section, we thus provide a new analytical
formula based on the dynamics of X and Y:
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3.1. Valuation
As in the previous section, we assume that the dynamics of the two yields included in the spread, noted X and Y , are given by Ornstein-Uhlenbeck processes.
Furthermore, we suppose that the riskless interest rate r; also follows an OrnsteinUhlenbeck process. Thus:
dXt = ®X (¯ X ¡ Xt ) dt + ¾X dWt1

(3.1)

dYt = ®Y (¯ Y ¡ Yt ) dt + ¾ Y dWt2

(3.2)

drt = ®r (¯ r ¡ rt ) dt + ¾ r dWt3

(3.3)

where Wt1 ; Wt2 ; and Wt3 are three correlated Brownian motions.
Let C (rt ; Xt ; Yt ; K; t; T ) be the value of a call on the spread (X ¡ Y ) at time
t with maturity T and strike K. Contrary to the models of Margrabe [1978] or
Ravindran [1995], the strike can be either negative, zero or positive. By applying
the Ito’s Lemma on C (rt; Xt; Yt; K; t; T ) and by creating a portfolio consisting of
four spread options with different maturities such that it is risk-free, we obtain
that C (rt ; Xt; Yt; K; t; T ) must satisfy the following partial differential equation
(thereafter PDE):
Ct + (®r (¯ r ¡ rt ) ¡ ¾r ¸r ) Cr + (®X (¯ X ¡ Xt) ¡ ¾ X ¸X ) CX
1
1
1
+ (®Y (¯ Y ¡ Yt ) ¡ ¾Y ¸Y ) CY + Crr ¾ 2r + CXX ¾2X + CY Y ¾ 2Y
2
2
2
+CXr ½rX ¾ r ¾X + CXY ½XY ¾ Y ¾X + CY r ½rY ¾r ¾ Y ¡ rC = 0

(3.4)

with the boundary condition:
(3.5)

C (rt ; Xt ; Yt ; K; t; T ) = M ax (XT ¡ YT ¡ K; 0)

where ¸r ; ¸X and ¸Y are the risk premia associated with the three interest
rates, which are assumed to be constant, and K is the option strike.
Applying Lemma 3 of Cox, Ingersoll and Ross [1985], we know that any
contingent claim C (rt ; Xt ; Yt ; t; T ) satisfying the PDE (3.4) with the boundary
condition (3.5) has the following solution:
µ

µ Z
b exp ¡
C (rt ; Xt; Yt; K; t; T ) = E

T
t
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¶

ru du Max (XT ¡ YT ¡ K)

¶

(3.6)

The circum‡ex above the expectation term stands for the risk-adjusted probabilities. Therefore, following equation (3.6), the price of a call on spread is equal
to the expected value of the payoff times a discount factor, under the risk-adjusted
probabilities. Because of the correlation between the discount factor and the payoff, due to the correlation between r, X and Y , it is difficult to solve equation
(3.6) directly. Two similar yet distinctive methods exist to solve this problem;
that of Longstaff [1990] and Jamshidian [1990], which were initially applied to the
single factor problem. The Longstaff [1990] methodology consists in separating
the expected discounted payoff into two components, the price of a discount bond
B (rt ; t; T ) multiplied by a function G (Xt ; Yt ; t; T ) still to be defined.
C (rt ; Xt ; Yt ; t; T ) = B (rt ; t; T ) G (Xt ; Yt ; t; T )

(3.7)

Since the riskless interest rate follows an Ornstein-Uhlenbeck process, B (rt ; t; T )
is the price of a discount bond using the Ornstein-Uhlenbeck [1977] formula.
Hence, its PDE and value are given by:
1
Bt + (®r (¯ r ¡ rt ) ¡ ¾r ¸r ) Br + Brr ¾ 2r ¡ rB = 0
2

(3.8)

B (rt ; t; T ) = De¡rt F
(3.9)
´
´
³³
¡®r (T ¡t)
¾ 2r
¾ 2r F 2
with F = 1¡e ®r
(F
¡
(T
¡
t))
¡
and D = exp ¯ r + ¾®r ¸r r ¡ 2®
4®r
r
G (Xt ; Yt ; t; T ) is a function still to be defined but does not depend on rt : From
the PDE of C (rt ; Xt; Yt; t; T ) and B (rt; t; T ) ;we can easily deduce the PDE that
must be satisfied by G (Xt; Yt; t; T ) :
Gt + (®X (¯ X ¡ Xt ) ¡ ¾X ¸X ¡ ½rX ¾r ¾ X F ) GX
1
1
1
+ (®Y (¯ Y ¡ Yt ) ¡ ¾Y ¸Y ¡ ½rY ¾r ¾ Y F ) GY + Grr ¾ 2r + GXX ¾2X + GY Y ¾ 2Y
2
2
2
+GXr ½rX ¾r ¾ X + GXY ½XY ¾ Y ¾ X + GY r ½rY ¾r ¾ Y = 0
(3.10)
with the boundary condition:

G (XT ; YT ; T; T ) =

C (rt ; Xt ; Yt ; T; T )
= M ax (XT ¡ YT ¡ K; 0)
B (rt ; T; T )

(3.11)

From theorem 5.3 of Friedman [1975], the unique solution to (3.10) under
boundary condition (3.11) is:
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e (M ax (Xt ¡ Yt ¡ K; 0))
G (Xt ; Yt ; t; T ) = E

(3.12)

e stands for the computation of the expectation under the following
where (E)
modified processes:
dXt

dYt

µ

¶
¾X ¸X
½rX ¾r ¾ X F
= ®X ¯ X ¡
¡
¡ Xt dt + ¾X dWt1
®X
®r
³ 0
´
= ®X ¯ X ¡ Xt dt + ¾ X dWt1
µ
¶
¾Y ¸Y
½rY ¾r ¾ Y F
= ®Y ¯ Y ¡
¡
¡ Yt dt + ¾Y dWt2
®Y
®r
³ 0
´
= ®Y ¯ Y ¡ Yt dt + ¾ Y dWt2

(3.13)

(3.14)
(3.15)

Although the diffusion term of each process is not affected by this change
of probability, the long-term mean is corrected by two time-varying but deterministic components: ¾X®X¸X ; since equation (3.6) is taken under the risk-adjusted
probabilities, and ½rX ¾®rr¾X F ; which results from the adjustment for the correlation between the payoff and the discount factor. Hence, the price of a contingent
claim is equal to the discounted value of the expected payoff, under two modified processes that take into account the correlation between the payoff and the
discount factor as well as the risk premia. Moreover, it implies that under these
two modified processes, X and Y are still normally distributed, with means and
variances equal to:
´
³
0
0
¹X = E (XT /Xt ) = ¯ X + Xt ¡ ¯ X e¡®X (T ¡t)
´
³
0
0
¹Y = E (YT /Yt ) = ¯ Y + Yt ¡ ¯ Y e¡®Y (T ¡t)
¡
¢
¾ 2x = V (XT /Xt ) =¡ 1 ¡ e¡2®X (T ¡t)¢ (¾X /2®X )
¾ 2Y = V (YT /Yt ) = 1 ¡ e¡2®Y (T ¡t) (¾Y /2®Y )

It becomes straightforward to compute the second piece on the RHS of equation (3.7) and by extension the price of a call on yield spread. Naturally, the price
of a Put on spread P (rt; Xt ; Yt ; K; t; T ) can be found by using the same method
but with a payoff equal to Max (K ¡ (XT ¡ YT ) ; 0) :
Proposition 3.1. Let us assume that the dynamics of X; Y and r are given by
(3.1), (3.2) and (3.3). Then:
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² the price of a call, C (rt ; Xt ; Yt ; K; t; T ) on the spread S = (X ¡ Y ) with
strike K is equal to:
µ

¶
¾ (X¡Y ) ¡ 1 d2
C (rt ; Xt ; Yt ; K; t; T ) = B (rt ; t; T ) (¹X ¡ ¹Y ¡ K) ©(d) + p
e 2
2¼
(3.16)
p
Y ¡K
where d = ¹X¾¡¹
;
¾
=
(¾2x + ¾ 2Y ¡ 2½XY ¾X ¾Y ) and ©(¢) stands for
(X¡Y
)
(X¡Y )
the cumulative distribution of standard normal distribution
² the price of a put, P (rt ; Xt ; Yt ; t; T ) ; on the spread S = (X ¡ Y ) is equal
to:
µ

¶
¾ (X¡Y ) ¡ 1 d2
P (rt ; Xt; Yt; K; t; T ) = B (rt; t; T ) (K ¡ (¹X ¡ ¹Y )) ©(¡d) + p
e 2
2¼
(3.17)
² The Put-Call Parity for a spread option is given by:
P (rt ; Xt ; Yt ; K; t; T ) ¡ C (rt ; Xt ; Yt ; K; t; T )
= KB (rt ; t; T ) + B (rt ; t; T ) (¹X ¡ ¹Y )

(3.18)

² Since Max(K ¡ (X ¡ Y ); 0) is identical to Max((Y ¡ X) ¡ (¡K); 0), the
value of a put on a spread between X and Y with a strike K is equal to
the value of a call on a spread between Y and X with a strike (¡K). Thus
we can deduce the following Put-Call symmetry:

P (rt ; Xt ; Yt ; K; t; T ) = C (rt ; Yt ; Xt ; ¡K; t; T )

(3.19)

This Put-Call parity differs from the Black-Scholes-Merton [1973] version.
We find a result closer to the Put-Call parity of Longstaff-Schwartz [1995]: the
difference between a put and a call with same maturity T and same strike K
depends on the discounted forward of the spread instead of its current value,
because of the non-tradability of the yields. The Put-Call symmetry is a simple
relation, which is true for any spread options, whatever the initial hypotheses on
the processes.
Furthermore, the model presented in this section can be easily extended
to processes with time-varying but deterministic parameters. Instead of using
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Ornstein-Uhlenbeck processes, we can employ the extended Ornstein-Uhlenbeck
process, initially proposed by Hull and White [1990], of the form:
dXt = ®X (¯ X (t) ¡ Xt) dt + ¾X dWt1

(3.20)

dYt = ®Y (¯ Y (t) ¡ Yt ) dt + ¾ Y dWt2

(3.21)

drt = ®r (¯ r (t) ¡ rt ) dt + ¾r dWt3

(3.22)

The long-term mean are allowed to vary through time but in a deterministic
way. Thus, the methodology previously applied still works in this setting because
the conditional distributions of X and Y are still Gaussian even if the ¯ are timevarying but deterministic. Instead of obtaining the bond price by the OrnsteinUhlenbeck [1977] formula, we obtain the Hull and White [1990] bond formula
and the parameters ¹X ; ¹Y and ¾ (X¡Y ) are functions of the time-varying ¯:
This simple extension allows us to fit the initial term structure exactly but it
also induces the same problem of practical tractability as in the Hull and White
[1990] model. It needs a daily adjustment of the time-varying parameters.
3.2. Greeks
Since the articles of Longstaff [1990] and Longstaff and Schwartz [1995], it is well
known that the options on non-traded assets that follow a mean-reverting process have some differing properties from the Black-Scholes-Merton [1973] option
model. To illustrate this feature, this section provides an analysis of the Greeks
of the option, i.e. the sensitivity of the option to variables and parameters.
3.2.1. Time to maturity
The first result is that the value of a call can lie below its intrinsic value and
thus does not respect Theorem 8.3 of Merton [1973]. This theorem states that in
order to avoid any arbitrage opportunity, a European call C on a stock At that
does not pay dividends must respect the inequality:
C (At ; K; t; T ) = M ax (At ¡ KB (t; T ) ; 0)

(3.23)

C (At ; K; t; T ) = Max (At ¡ K; 0)

(3.24)

And therefore:
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In other terms, the value of a European call cannot be less than its intrinsic
value. However, the Figure 9.1 shows that this inequality is no longer true when
assets are not traded and when their dynamics contain a mean-reverting drift.
Actually, if the spread is higher than its long-term mean, we should expect it to
decrease through time. Thus as Longstaff and Schwartz [1995] observed, an inthe-money call has a low probability to remain in-the-money. Moreover, arbitrage
is not possible, since one cannot buy or short-sell the asset since a yield is not a
traded asset.
3.2.2. Volatility of the spread
In the Black-Scholes-Merton [1973] option formula, the derivative of the call price
with respect to the volatility of the stock is always positive. This is no longer
true in our setting. In fact, the Vega of an option on spread can be either positive
or negative because two opposite effects in‡uence the value of the option. On
one hand, when volatility goes up, ceteris paribus, it increases the probability
that the option finishes in-the-money. On the other hand, the forward riskadjusted processes of X and Y; with which we compute the expectation term
e (M ax (XT ¡ YT ¡ K; 0)) depend on their standard deviation. For example,
E
the forward risk-adjusted process of Y is:
µ
¶
½r;Y ¾r ¾ Y F
¾Y ¸Y
dYt = ®Y ¯ Y
¡
¡ Yt dt + ¾ Y dWt2
®Y
®r

(3.25)

As we have already noticed, the forward risk-adjusted process is not only
adjusted to the risk, but also to the correlation between the discount factor
and the payoff. This implies that the expected value of Y, ¹Y , depends on the
standard deviation of Y:
³
´
0
0
¹Y = E (Yt /YT ) = ¯ Y + Yt ¡ ¯ Y e¡®Y (T ¡t)

(3.26)

This second effect is not obvious because it is sensitive to many parameters:
¸Y , ½rY , ¾ r , and F . The definition of ¹Y also suggests that it should be sensitive to
the current level of Y , with respect to its long-term mean. Figure 9.2 shows that
the effect of the volatility on the call price can be either positive or negative. In
practical terms, it means that in some circumstances, a decrease in the volatility
can increase the call price.
3.2.3. Correlation between X and Y
Contrary to the volatility, the impact of the correlation between the two interest rates on the value of the call is monotonic, since the correlation coefficient ½X;Y does not in‡uence the conditional mean of the two variables. It
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affects only the standard deviation of the spread. Let » denote the derivative of
C (rt ; Xt ; Yt ; K; t; T ) with respect to the correlation coefficient between X and Y .
Following equation (3.16), » is equal to:

»=

@C (rt ; Xt ; Yt ; K; t; T ) @¾ (X¡Y )
@C (rt ; Xt; Yt ; K; t; T )
=
@½X;Y
@¾ (X¡Y )
@½X;Y

» = B (rt ; t; T )

Ã

1 2

e¡ 2 d
p
2¼

µ
¶!
¡
¢
¾
¾
X
Y
d2¾ X ¾ Y ¾ (X¡Y ) ¡ 1 ¡
<0
¾(X¡Y )

(3.27)

(3.28)

Therefore, the price of a call on spread is a strictly decreasing function of the
correlation coefficient between X and Y . Figure (9.3) illustrates this property
and shows that the effect of the correlation decreases when the spread increases.
Another way to prove this is to check that the limit of » when X tends to
infinity is zero:
1 2

lim » = lim d2 e¡ 2 d = 0

X!1

X!1

(3.29)

The effect of X on the price of the call on spread dominates the impact of
the correlation for high values of X. This can be explained by the fact that the
correlation is bounded at 1, whereas we did not fix an upper bound for X.

4. CONSEQUENCES ON PRICING
The model developed in the previous section is based on the dynamics of each
component of the spread. We have also shown in the first section that modelling the spread directly requires some strong assumptions on the parameters of
the processes followed by the two yields. For example, in the case of OrnsteinUhlenbeck processes, the convergence speeds have to be equal. We shall now
investigate the consequence for spread options pricing by choosing a two-factor
model instead of a three-factor model.
4.1. A TWO-FACTOR MODEL
In order to study the impact of the number of factors, we propose a two-factor
model based on the dynamics of the spread itself and compare it to the threefactor model defined in the previous section. Let us assume that the ”real world”
is described by equations (3.1), (3.2) and (3.3), i.e. the riskless rate as well
as X and Y follow three Ornstein-Uhlenbeck processes. When we employ the
spread directly, the dynamics of which are represented by an Ornstein-Uhlenbeck
process, the following holds:
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(4.1)

dSt = ®S (¯ S ¡ S) dt + ¾S dZt

Where Zt is a Brownian motion that can be correlated with Wt3 , i.e. the
Brownian motion driving the riskless rate process. Applying the same methodology as in the case of a three-factor model, we can find an analytical solution
for a two-factor model. The price of a call is divided into the product of a discount bond and the expectation of the payoff under the forward risk-adjusted
probability, given by:

dSt

µ
¶
¾ S ¸S
½rS ¾ r ¾S F
= ®S ¯ S
¡
¡ St dt + ¾S dZt
®S
®r
³ 0
´
= ®S ¯ S ¡ S dt + ¾ S dZt

(4.2)
(4.3)

Proposition 4.1. Let us assume that the dynamics of S and r are given by (4:1)
and (3.3) respectively. Then:
² the price of a call, C (rt ; St; K; t; T ) is equal to:
µ

¾S
1 2
C (rt; St ; K; t; T ) = B (rt ; t; T ) (¹S ¡ K) ©(dS ) + p e¡ 2 dS
2¼

¶

(4.4)

³
0 ´
0
¡®S (T ¡t)
where d = ¹S¾¡K
;
¹
=
E
(S
/Y
)
=
¯
+
S
¡
¯
and ¾ 2S =
T
t
t
S
S
S e
¡ S ¡2® (T ¡t) ¢
V (ST /St ) = 1 ¡ e S
(¾ S /2®S )
² the price of a Put, C (rt ; St ; K; t; T ) is equal to:

µ
¶
¾ S ¡ 1 d2S
P (rt ; St ; K; t; T ) = B (rt ; t; T ) (K ¡ ¹S ) ©(¡dS ) + p e 2
2¼

(4.5)

² The Put-Call Parity for spread options is given by:
P (rt ; St ; K; t; T ) ¡ C (rt ; St ; K; t; T ) = KB (rt; t; T ) + B (rt ; t; T ) ¹S (4.6)
There are few differences with the three-factor model: instead of having the
difference between the forward of X and the forward of Y, we simply have the forward price of the spread. However, the spread option pricing is strongly affected
by the choice between two or three factors.
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4.2. TWO OR THREE FACTORS?
In this section, we compare the pricing of spread options by using the two- and
three-factor models. As we have shown in the first section, if the world is described
by equations (3.1), (3.2) and (3.3), and if the convergence speeds of X and Y
are equal, then the pricing of spread options using the two or three-factor model
must be equivalent since we have shown that in our setting this assumption is
sufficient to obtain a spread which also follows an Ornstein-Uhlenbeck process.
In this very specific case, we do not need to know the level of X or Y to value
spread option. Knowing the exact parameters of X and Y; we can deduce the
exact parameters of S:
(4.7)

dSt = ®S (¯ S ¡ S) dt + ¾S dZt

with:
®S = ®X = ®Y
¯S = ¯
qX ¡ ¯ Y
¾ S = ¾ 2X + ¾2Y ¡ 2½xy ¾X ¾Y
In that very specific case, two-factor and three-factor models are equivalent.
However, what happens if convergence speeds differ? This section provides a
numerical comparison of the two and three-factor models, based on the simplest
case, i.e. when there is no correlation between the three variables and when the
risk premia are nil. We analyze the simplest case in order to separate estimation
error to model risk. Effectively, if correlations or risk premia are not equal to
zero, we could encounter problems in parameter estimations. Such problems
can arise for any financial product, but the goal of this section is to show the
significant difference between two and three-factor models. We assume, as before,
that the world is represented by the three variables r, X and Y; each following
an Ornstein-Uhlenbeck process. It is well known (see Lamberton and Lapeyre
[1997] for a formal demonstration of this result) that if X is given by equation
(3.1), then there is an exact discretization, which is:

Xt = X0 e

¡®X t

¡

¡®X t

+ ¯X 1 ¡ e

¢

+ ¾X e

¡®X t

Z

t
0

e¡®X u dWu1

(4.8)

Since the stochastic integral in equation (4.8) is a Gaussian process with zero
¡2® t
mean and variance equal to 1¡e2®X X ; Xt is a Gaussian variable with conditional
¡2®

t

mean and variance equal to (X0 e¡®X t + ¯ X (1 ¡ e¡®X t)) and 1¡e2®X X respectively.
Fixing some arbitrary parameters for r, X and Y , we simulate 100’000 values for
r, X and Y with a sampling interval of 0.001 and initial values for X and Y equal
to 0.1 and 0.06 respectively. Finally, we estimate the parameters of the spread
on these simulated data, by maximum likelihood.
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We consider the three-factor model as the true model since it is based on
the ”true” assumptions driving the world, whereas the two-factor model is an
approximation, based on a simplified process for the spread. Figure 9.4 displays
the value of a call on spread as a function of the spread (by moving X), based on
the data given in Table 1 and using the two and three-factor models. First, we
find that the mispricing generated by the use of the two-factor model, compared
to the three-factor model, can be either positive or negative. Thus, it is not a
systematic bias that could be cancelled by adding a fixed premium to the price
given by a two-factor model. Moreover, the error in pricing is important. For
example, for an at-the-money call (X=0.10, Y =0.06, K=0.04), the two-factormodel gives an option price of 0.0165 instead of 0.0222 for the three-factor model,
i.e. a difference of 0.0057, or 25.6% of the three-factor model value.
The mispricing is confirmed by the Figure (9.5) that displays the price of a
at-the-money call for different levels of X (by allowing parallel movement of Y )
with a one-year maturity. Obviously, the two-factor model gives a constant price,
whatever the level of X, whereas the three-factor model uses all the information,
generating a price dependent on the level of X. The mispricing is significant,
where X and Y are far from their respective long-term means and the price given
by the three-factor model is high; this is due to the difference in convergence
speeds. Since X has a higher convergence speed than Y; it should converge
rapidly to its long-term mean, i.e. 0.1. At the same time, Y should also converge
to its long-term mean but less rapidly. Thus, in expectation, if the current spread
is equal to 0.04, it should increase initially and then decrease to 0.04.
If the two-factor approach induces a model risk (assuming that the threefactor model is the true one), it is then more sensitive to estimation risk than
the three-factor approach. On the one hand, the two-factor approach is more
parsimonious than the three-factor approach but on the other hand, if the parameters ®; ¯, ¾ and ½ can be estimated directly from empirical data, the risk
premia ¸, induced by the non-tradability of either the interest rates or the spread,
remains to be estimated. In the case of the three-factor method, we could adopt
the Ornstein-Uhlenbeck assumption that the risk premia are constant. Then,
a weak solution consists of finding the risk premia that minimize the difference
between the market and theoretical prices of discount bonds (See Bito [1985],
who proposed to minimize the root mean squared errors (RMSE) between observed and theoretical bond prices, or Mougeot [1997] who used a General Least
Squares estimator to take into account the auto-correlation of the disturbances).
Unfortunately, this is not possible in the case of the risk premium of the spread
since there is no discount bond based on the spread.
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5. EXTENSIONS
Other kinds of yield derivatives exist which can be useful in hedging a credit risk
exposure. The simplest derivative is the option to exchange a yield for another.
Its valuation is easy, if we know how to price a spread option. Since the payoff
of an option to exchange a yield for another is M ax(X ¡ Y ; O); its value must
be equal to the price of a call on spread with a strike of zero.
The second type of option that can be derived from a spread option is the
option on the maximum of two yields. This option gives the right to receive a
principal time one of two bond yields. If X and Y are the two yields concerned,
the payoff of the option is then Max(X; Y ). If X is the yield of a corporate bond
and Y the yield of a government bond, the payoff should still be equal to X .
Hence, it is more interesting to study an option on the maximum of X and Y
plus a constant margin C . In that case, the payoff is equal to M ax(X; Y + C)
and C can be such that Max(X; Y + C) is uncertain at date t. This payoff can
be decomposed as:
M ax(X; Y + C) = Max(X ¡ Y ¡ C; 0) + C + Y
Then the value of an option on the maximum must be equal to the value of a
call on spread with a strike C plus C discount bond plus the value of a contract
giving Y at maturity T . Following Lemma 3 of CIR [1985], the value of such a
contract - viewed as a forward on Y - must be equal to:
µ

µ Z
b exp ¡
F (rt; Yt ; t; T ) = E

T
t

¶ ¶
ru du YT

(5.1)

Applying the method used for spread options, the value of F (rt ; Yt ; t; T ) can
be written as:
e (YT )
F (rt ; Yt; K; t; T ) = B (rt ; t; T ) E

(5.2)

F (rt; Yt ; K; t; T ) = B (rt; t; T ) ¹Y

(5.3)

Where a tilde stands for the calculation of the expectation under the forward
risk-adjusted process given by equation (3.15). Hence, the price of the forward
on Y is:

And therefore the value of an option on the maximum of X and Y is:
µ

¾(X¡Y ) ¡ 1 d2
OM ax (rt; Xt ; Yt ; C; t; T ) = B (rt ; t; T ) ¹X ©(¡d) + (¹Y + C) ©(¡d) + p
e 2
2¼
(5.4)
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¶

Finally, we can also extend our results to the pricing of options on the minimum of X and Y plus a constant margin C: This is an option whose payoff is
Min(X; Y + C). It can be rewritten as:
M in(X; Y + C) = X ¡ M ax(X ¡ Y ¡ C; 0)
The value of an option on the minimum of X and Y plus a constant margin
C must be equal to the discounted value of a forward on X minus the value of a
call on spread with a strike C. It is equal to:
µ
¶
¾ (X¡Y ) ¡ 1 d2
OM in (rt ; Xt; Yt; C; t; T ) = B (rt ; t; T ) ¹X ©(d) + (¹Y + C) ©(d) + p
e 2
2¼
(5.5)
and one can verify that:
OM ax (rt ; Xt ; Yt ; C; t; T ) + OM in (rt ; Xt ; Yt ; C; t; T ) = B (rt; t; T ) (¹X + ¹Y )
(5.6)

6. CONCLUSION
This paper shows that spread options valuation of spread options is complex, even
in a simple Gaussian setting. The choice between two or three factors implies
huge consequences in term of pricing since, except in very specific cases, the
valuation of spread options based on the spread itself is not equivalent to the use
of its two components. The mispricing in a two-factor model compared to that
in a three-factor model is sufficiently large to promote the use of the components
of the spread instead of the spread itself, even if more parameters need to be
estimated. We can also notice that our conclusions could have some implications
for market micro-structure that models the bid-ask spread itself instead of the
bid and ask quotes. Extensions are possible by choosing more complex or more
realistic processes but the basic conclusions remain unchanged.
In conclusion, to quote Garman [1992], the two-factor approach ”is a ”headin-the-sand” solution: convenient but not illuminating”.
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7. APPENDIX
7.1. Proof of proposition 3.1
We have already shown that the price of a call on spread is equal to:
e (Max (Xt ¡ Yt ¡ K; 0))
C (rt ; Xt; Yt; t; T ) = B (rt ; t; T ) E

(7.1)

e stands for the computation of the expectation under the following
where (E)
modified processes:
dXt

dYt

µ

¶
¾X ¸X
½rX ¾r ¾ X F
= ®X ¯ X ¡
¡
¡ Xt dt + ¾X dWt1
®X
®r
³ 0
´
= ®X ¯ X ¡ Xt dt + ¾ X dWt1
µ
¶
¾Y ¸Y
½rY ¾r ¾ Y F
= ®Y ¯ Y ¡
¡
¡ Yt dt + ¾Y dWt2
®Y
®r
³ 0
´
= ®Y ¯ Y ¡ Yt dt + ¾ Y dWt2

(7.2)

(7.3)
(7.4)

It remains to calculate the second part in the RHS of equation (7.1), i.e. the
function G (Xt ; Yt ; t; T ). By the property of conditional expectations, we have:
e (Max (Xt ¡ Yt ¡ K; 0))
G (Xt ; Yt ; t; T ) = E
³
´
eY E
eX ((Max (Xt ¡ Yt ¡ K; 0)) jY )
= E
eX ((M ax (Xt ¡ Yt ¡ K; 0)) jY ) =
E

where f (X jY ) =

Y ¡¹Y
¾Y

¾X

p

2¼

1
p

1¡½2X;Y

Z

(7.5)

+1
Y +K

(X ¡ Y ¡ K)f (X jY ) dX

³ u¡v½
´
exp ¡ 2(1¡½2X;Y ) ; with u =
X;Y

X¡¹X
¾X

(7.6)
and v =

After some simplifications, we find:
eX ((Max (Xt ¡ Yt ¡ K; 0)) jY ) =
E
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¡
¢
¹X + ½X;Y v¾X ¡ Y ¡ K ©(¡d1 )
q
¾ X 1 ¡ ½2X;Y
¡
¢
p
+
exp ¡0:5d21
2¼

with d1 =

Y +K¡¹X
¾X

p

¡½X;Y

1¡½2X;Y

Then, G (Xt ; Yt ; t; T ) is equal to:
Z

G (Xt; Yt; t; T ) =

+1
+1

+

Using the fact that

R +1
¡1

¾X

¡¡

q

¢
¹X + ½X;Y v¾ X ¡ Y ¡ K ©(¡d1)

1
1 ¡ ½2X;Y
¡
¢
p
exp ¡0:5d21 A f (Y ) dY
2¼

f (u)©(a + bu)du = ©

G (Xt ; Yt ; t; T ) =

µ

³

p a
1+b2

´

; this becomes:

¾ (X¡Y ) ¡ 1 d2
(¹X ¡ ¹Y ¡ K) ©(d) + p
e 2
2¼

¶

and consequently the price of a call is equal to:
µ

¾ (X¡Y ) ¡ 1 d2
C (rt ; Xt ; Yt ; t; T ) = B (rt ; t; T ) (¹X ¡ ¹Y ¡ K) ©(d) + p
e 2
2¼
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Table 1: Parameters values
(Standard deviation of the estimators are reported in parentheses)
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Figure 9.1: Value of a Call with respect to X
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Figure 9.3: Value of a Call with respect to X
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Figure 9.4: Value of a Call on spread with respect to the spread (X varies,
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