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Abstract

In many applications it is necessary to use a simple and therefore highly misspecified
econometric model as the basis for decision-making. We propose an approach to devel-
oping a possibly misspecified econometric model that will be used as the beliefs of an
objective expected utility maximiser. A discrepancy between model and ‘truth’ is intro-
duced that is interpretable as a measure of the model’s value for this decision-maker. Our
decision-based approach utilises this discrepancy in estimation, selection, inference and
evaluation of parametric or semiparametric models. The methods proposed nest quasi-
likelihood methods as a special case that arises when model value is measured by the
Kullback-Leibler information discrepancy and also provide an econometric approach for
developing parametric decision rules (e.g. technical trading rules) with desirable proper-
ties. The approach is illustrated and applied in the context of a CARA investor’s decision
problem for which analytical, simulation and empirical results suggest it is very effective.
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1 Introduction

The main reason for developing empirical models is to improve their users’ decisions. Why is
it then that econometric models are typically produced without any reference to the decision
context in which they will be employed? There seem to be three reasons: Firstly, model
developers do not always know what this context will be. Secondly, when such knowledge is
available the prescribed approach to modelling is based on statistical decision theory which
is excessively costly to apply in many economic environments. Finally, popular belief has it
that standard methods lead to ‘general purpose’ models for economic phenomena that will
be good in a broad range of decision environments.

In this paper we adopt a decision-theoretic measure of model goodness that can be applied
in those circumstances where model developers do know how models will be used. We
propose methods that will work substantially better (in terms of this measure) than standard
econometric methods yet remain relatively easy to implement. Together, these innovations
may be viewed as a step towards a decision-based approach to econometric modelling that can
be implemented when standard prescriptions of statistical decision theory are impractical.

Until recently, models were typically developed for a large and diverse user population
that neither integrated them into decision making in a systematic fashion nor even operated
in a decision environment that was precisely articulated and stable. However, the automa-
tion or quasi-automation of many decision-making processes has forced the systematic use of
predictive models and the formalisation of associated decision environments. It has also be-
come profitable for econometric models to be produced for a population of decision-makers
that is very small and homogeneous, often consisting of even a single user. For example,
a growing proportion of consumer savings are allocated to financial assets by institutional
investors on the basis of econometric models for returns with the explicit objective of max-
imising a measure of risk-adjusted expected profits. Governments, central banks and private
firms regularly produce models that are used in a systematic way to make decisions for which
there exist explicit performance measures. The World Meteorological Organisation estimates
the return to meteorological services specifically through improved decision-making at 500
to 1,000% (WMO 2000). Evidently, if there are any benefits to an econometric methodology
that integrates features of the user’s decision environment there is now a broad and increasing
range of applications in which it might be used.

Statistical decision theory consists of normative models for using data to inform decisions;
see e.g. Berger (1985) for a subjectivist and Lehmann (1986) for an objective perspective.
Econometric applications of statistical decision theory have been rare because it prescribes
decision rules that are functions of a model class that is believed to contain the ‘truth’ about
relationships among variables of interest.1 Since there is often huge uncertainty about the
potential relationships among economic variables and because they are often believed to be
complex and non-constant, model classes containing the truth must be extremely large. This
1 In the objective mode, decisions rules are required to be in some sense good (e.g. admissible or minimax)
for all models in a class that contains the truth. In the subjective mode, the decision-maker must use a model
that he believes to be true, as well as his true prior beliefs.
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in turn leads to the intractability of standard methods that require working with such mod-
els. Inevitably, econometric applications of statistical decision theory in econometrics (for
example Bayes decision rules in financial decision-making (Barberis 1999, Bawa, Brown, and
Klein 1979) or extensions designed to accommodate model uncertainty (Chamberlain 2000))
have proceeded by ignoring the most important but less tractable types of misspecification
(this point is also made by Sims (2001) in describing how model uncertainty has been incorpo-
rated in certain applications of decision theory). In many economic applications misspecifica-
tion is inevitable,2 of substantial consequence and of an intractable nature; the decision-based
approach to modelling forwarded in this paper is designed precisely for these situations.3 In
particular it constitutes a normative model for choosing a model parametrisation from a
potentially misspecified class based on information about the decision environment in which
the model will be applied.

To achieve this, we view model development as the search for a model within a class that
approximates the truth optimally in terms of the ‘Value of Information’ discrepancy (VOID),
the difference between the objective expected utility4 of an agent who believes in the truth
and that of an agent who believes in the model (actions are assumed to be Bayes decision
rules with respect to beliefs). We propose to replace the Entropy Maximisation Principle
which dominates much of parametric econometric modelling under possible misspecification
and ‘specifies the object of statistics as the maximization of the expected entropy of a true
distribution with respect to the fitted predictive distribution’ (Akaike (1985, p.1-2)) with a
‘Value of Information’ Maximisation Principle. According to this alternative principle, the
object of statistics is to maximise the value of a fitted predictive distribution to a decision-
maker who uses it as if it were true.

We define the value of information discrepancy as the decision-maker’s loss function and
view model development as a way of achieving small expected loss, or statistical Risk. This is
the standard goal of objective statistical decision-theory and our contribution is to show how
this goal might be achieved when we are constrained to work with possibly misspecified mod-
els. The Entropy Maximisation Principle and the associated use of standard quasi-likelihood
(including Bayesian) methods for estimation, model selection and inference can be justi-
fied according to this criterion when the decision-maker’s utility function is of a particular
form. Methods that perform well in terms of statistical Risk even under misspecification
are obtained by substituting the decision-maker’s ‘realised utility function’ for the log quasi-
likelihood function in standard econometric methods for estimation, model selection, evalu-
ation and inference. They are therefore simple generalisations of standard quasi-likelihood
methods that are relatively straightforward to implement and their desirable properties can
2 Hence Granger (1990) postulates “Any model will only be an approximation to the generating mechanism
with there being a preference for the best available approximation” as Axiom A for modelling economic time
series. The practical necessity of working with misspecified models is also apparent in other fields such as
Biostatistics (e.g. Burnham and Anderson (1998)).
3 Attempts to deal with misspecification in the context of statistical decision theory have led to robust statis-
tical decision theory but again the study of interesting types of robustness is often highly intractable. Recent
research in computational learning theory, notably that of Vovk (1999), may lead to a statistical decision
theory that can handle the types of misspecification encountered in economic applications.
4 That is expected utility evaluated with respect to true distributions (as opposed to subjective expected
utility which is evaluated with respect to arbitrary beliefs); non-expected utility functions satisfying regularity
conditions discussed in later sections can also be accommodated.
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be shown by application of standard results for M-estimators (see e.g. Mittelhammer, Judge,
and Miller (2000) for a textbook treatment).

The idea of substituting a loss function that is in some sense ‘relevant’ for a generic perfor-
mance measure with some appealing general properties (such as a quasi-likelihood function)
is familiar to economists primarily from the literature on forecasting and forecast evaluation
under general cost-of-error loss functions (Granger 1969, Diebold and Mariano 1995, Pesaran
and Skouras 2001), though it has also appeared in the context of estimation (Weiss 1996,
Manski 1991). This is conceptually distinct from the literature on robust statistics where
the search is for loss functions that when used in estimation lead to models satisfying some
standard notion of goodness under broad conditions on the generating mechanism (see e.g.
Huber (1996)). The methods herein proposed may be viewed as the estimation, selection
and inference counterparts to a generalised version of forecast evaluation under economi-
cally relevant loss functions. The generalisation arises because loss functions derived from
decision-making problems are typically functions not only of forecast errors but rather of the
whole predictive density and are therefore distributional discrepancies rather than error loss
functions. While a number of distributional discrepancy measures have been considered as
potential loss functions in the statistical literature (Burbea 1983), this seems to be the first
paper to define a discrepancy as a derivative of an explicit decision-making problem and to
therefore provide a compelling reason for using distributional discrepancies as loss functions.

In order to justify our decision-based approach, it is necessary to provide evidence that
it is substantially better than currently used methods. Since we have delimited our problem
to choosing a model from a possibly misspecified parametric class, we will restrict compar-
isons to the currently championed response to this problem, which is based on the Entropy
Maximisation Principle (also known as quasi-likelihood methods - see e.g. White (1994) and
Heyde (1997)). We will not make comparisons with nonparametric methods or with para-
metric methods in situations where misspecification is not considered important because our
methods are intended for use when such methods are simply not feasible (e.g. when ‘truth’
is believed to be very complex and the relationship we are interested in modelling has high
dimensionality5). The issue therefore becomes whether the Entropy Maximisation Principle
leads to methods that also work well in terms of economically interesting value of information
discrepancies.

Previous research suggests that the performance of economic models is generally sensitive
to the objective function with respect to which it is evaluated. This has been established
on both theoretical (Geisel and Zellner 1968, Zellner 1973) and empirical grounds (Leitch
and Tanner 1991, West, Edison, and Cho 1993) and has consequently led to the literature
on decision-based approaches to forecast evaluation (Pesaran and Skouras 2001). It would
therefore be remarkable if entropy maximisation had such a robustness property in a broad
range of applications.

Financial decision-making is well-suited for application of the decision-based approach be-
cause investors’ objective functions can be characterised relatively precisely, because financial
series are typically modelled with highly misspecified models and because the same decision
5 Kadane and Dickey (1995) assign explicit utility costs to the use of models as a function of their complexity.
The use of simple misspecified models (e.g. linear-normal models) may be ‘rational’ if costs to using all other
models are sufficiently large.
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setting occurs repeatedly, which justifies the use of statistical Risk as a model performance
measure. We study the problem of developing a model for returns to be used by an investor
with constant absolute risk aversion (CARA) throughout this paper and use it to illustrate
new concepts as they are introduced. By deriving a class of densities for which this investor’s
optimal investment rules are tractable, we are able to provide analytical results suggesting
that for this decision-problem model entropy is a very poor approximation to the value of
information discrepancy. We examine the empirical performance of the proposed methods
(using both data and simulations) when a CARA investor uses simple time series models to
invest in the Dow Jones Industrial Average (DJIA) index. Our findings confirm that entropy
maximisation does not have the requisite robustness property that would justify its use by
this type of decision-maker.

In the next section we formalise the link between decision-making and model develop-
ment and introduce our decision-based notions of model goodness. In section 3 we discuss
estimation and model selection methods that will lead to models that are good from the
decision perspective as well as ways of estimating model performance based on out of sample
statistics. In section 4 we discuss inference procedures that may be of particular interest to
decision-makers: a test for the adequacy of a parametric model for decision-making purposes
and a test for properties of the best model (from the decision perspective) in a parametric (or
semiparametric) class. In section 5 we present an empirical application of the decision-based
approach to the CARA investor’s decision problem. In doing so, one of the interesting re-
sults obtained is that simple time series models for returns are inadequate approximations to
reality for the purposes of this decision-maker. The results are analogous to those obtained
by Brock, Lakonishok, and LeBaron (1992) who find that similar time series models for the
same data do not capture features of reality relevant to technical analysts. We conclude in
section 6 and provide certain technical results in the Appendix that follows.

2 Framework for a decision-based approach to econometric
modelling

Consider an individual who must choose an action rule α mapping realisations of a random
variable X to a space of actions A at time T . Utility u is a function of actions taken and of
the realisations of a random variable Y . The individual’s objective expected utility is then
given by:

EfY,X [u (Y,α (X))] (1)

where fY,X is the true joint density of (Y,X) and Eq denotes an expectation taken with
respect to a density q.

This paper focuses on the situation where fY,X is unknown and the decision-maker must
choose an action rule on the basis of an observation zT of the random variable ZT =
{Yt, Xt}Tt=1 in a sample space ZT (in an iid environment, this would be a sample of size
T from fY,X). In practice this typically involves using ZT to construct a model gY |X for
the conditional density fY |X which is in turn used to select an action. The problem thus
becomes to find a rule for how sample realisations zT should be used to select a model that
together with an observation x will determine a predictive density gY |x on the basis of which
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actions will be chosen. For example, ZT may contain N iid draws from fY,X used to obtain
an estimate of a model parameter with actions taken after the observation of an additional X
but before observing the corresponding Y . The following standard financial decision-making
problem illustrates.

Example 1 (CARA investor) Consider an investor with negative exponential utility:

u (w) = − exp (−λw) (2)

where w is wealth and λ is a risk aversion parameter. The investor is endowed with wealth w0
to be divided between a riskless asset paying interest rf and a single risky asset with random
returns R0. If the investor conditions his monetary investment α on the realisation of X (e.g.
past returns, analyst forecasts etc.) then the investor’s expected utility is:

U (α) = −EfR,X [exp (−λw0 (1 + rf )− λα (X)R)] = −κEfR,X [exp (−λα (X)R)] (3)

where the joint density of excess returns Y = R = R0 − rf and X is fR,X and κ is a positive
constant that can be be ignored in what follows since expected utility functions are cardinal
representations of preferences. Since fR,X is unknown, the investor must use a sample to
forecast returns and decide how he should condition actions on these forecasts.

We now introduce some assumptions that allow us to formally interpret this problem as
one of using a model to construct a predictive density on the basis of which to act. Firstly,
we assume that an action rule a : G → A is a map from models for fY |X to actions. Any
restrictions on the space of possible models G will therefore also imply restrictions on action
rules. We will define a particular functional form for a by assuming that actions are Bayes
decision rules with respect to the model, so that if the chosen model is gY |X the action rule
used will be:

α (X) = a (gY |X) ≡ argmax
α
EgY |X [u (Y,α)] . (4)

This is how econometric models are typically used for decision-making purposes, regardless
of whether correctly specified or not. The intended interpretation is that agents use the
model as if it represented their subjective beliefs, because they believe it is not worthwhile
to construct a better approximation to them.

In what follows we will restrict our attention to parametric or semiparametric model
classes G = {gY | [X, c] , c ∈ B} where c is a parameter in a space B. The class G may leave
certain aspects of the conditional density of Y given X undefined, as long as the action rule in
(4) can be defined at each point in B (e.g. in the context of Example 1, if utility were linear
rather than exponential it would be sufficient that G contained a model for the mean of fY |X).
We are interested in situations where the class G is likely to be substantially misspecified and
is used as a practical parsimonious description of a complex and non-constant process from
which we have a fairly large sample (in relation to the complexity of G). The utility an agent
obtains for a realisation (y, x) of (Y,X) as a function of the model parameter c is:

v (c|y, x) = u (y, a (gY | [x, c])) . (5)
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We will refer to v (c|y, x) as a ‘realised utility function’ since it represents the utility obtained
by the decision-maker using model gY | [X, c] when (y, x) is observed.

Finally, we make the natural assumption that the model on the basis of which actions
are taken is determined by the sample ZT . The econometric modelling process is thereby
reduced to the problem of finding a mapping bc : ZT → B such that the predictive density
function gY | [X,bc (ZT )] is a good model from the decision-maker’s perspective.6 Depending
on the nature of B this mappings may be viewed as either an estimator or the composition
of an estimator and a model selection procedure. A decision rule is a random variable
a (gY | [X, c (ZT )]) that can be interpreted as a way of using the observed sample to select an
action rule α (X).

Our assumptions impose restrictions on the type of predictive density functions that can
be used and have implications for what is meant by the notion of a ‘good model from the
decision-maker’s perspective’. In the context we are addressing, we propose to capture this
notion with the concept of a Value of Information discrepancy (VOID) of a model gY | [X, c]
from the truth fY |X:

V (fY |X, gY | [X, c]) = EfY,X [u (Y, a (fY |X))]−EfY,X [u (Y, a (gY | [X, c]))] . (6)

From the decision-maker’s perspective, this can be interpreted as an expected utility measure
of the value of information about the truth fY |X contained in a model gY |X. In particular
it is the difference between utility when actions are Bayes rules with respect to the truth
relative to when they are Bayes rules with respect to the model, averaged according to the
true distribution of (Y,X). This is a frequentist or objective measure of performance that
is most strongly justified if model choice is intended for repeated use in the same decision
environment and therefore cannot be conditioned on a particular realisation of X.7

Depending on their interpretation, discrepancies may be used as either cardinal or ordinal
measures and since VOID is measured in units that have a cardinal interpretation (expected
utils) the stronger interpretation is meaningful in this context. Two value of information
discrepancies V1 (fY |X, gY | [X, c]) and V2 (fY |X, gY | [X, c]) are cardinally equivalent if there
exist constants κ1,κ2 with κ2 > 0 such that V1 (fY |X, gY | [X, c]) = κ1+κ2V2 (fY |X, gY | [X, c])
for all c in B. They are ordinally equivalent if there exists a strictly increasing function h
such that V1 (fY |X, gY | [X, c]) = h

¡V2 (fY |X, gY | [X, c])¢ for all c in B.
Example 2 (CARA investor using time series model) Suppose the investor of Exam-
ple 1 uses a time series model for returns such as an AR(1)-GARCH(1,1) model:

gRt+1 | [X, c] ∼ N
¡
µt+1,σt+1

¢
, (7)

µt+1 = b0 + b1Rt,

σ2t+1 = ω0 + ω1σ
2
t + ω2ε

2
t

where X = [Rt,σt, εt], εt = Rt − b0 − b1Rt−1 and c = [b0, b1,ω0,ω1,ω2].
6 Note that our assumptions have narrowed the set of permissible predictive densities to the ‘plug-in’ class,
excluding methods that take parameter uncertainty into account (e.g. finite sample Bayesian estimators are
excluded since they map ZT to distributions - rather than points - on B).
7 This measure is consistent with the ‘repeated sampling principle’ of Cox and Hinkley (1974, p.45).
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As is well known, the Bayes’ decisions of an investor with CARA utility who believes
returns are distributed as in (7) is given by:8

a (gY | [X, c]) = 1

λ

b0 + b1Rt
ω0 + ω1σ2t + ω2ε2t

, (8)

The realised utility function of this decision problem is:

v (c|y, x) = − exp
µ
− b0 + b1rt
ω0 + ω1σ2t + ω2ε2t

rt+1

¶
, (9)

where rt is the realisation of Rt. The VOID is:

V £fRt+1 |Xt, gRt+1| [Xt, c]¤ = −κEfRt+1,Xt £exp ¡−λRt+1a ¡fRt+1 |Xt¢¢− v (c|Rt+1,Xt)¤ .
(10)

In the special case where b1 = ω1 = ω2 = 0 and the true distribution of returns fR has
a particular form, the following proposition (proved in the Appendix) shows that analytical
expressions can be obtained for VOID as a function of the parameters of the true disribution.9

Proposition 1 Suppose that the moment generating function of returns R is of the form
MR (k) = EfR (exp (Rk)) = exp (p (k)) q1 (k)

γ1 q2 (k)
γ2 where p, q1, q2 are polynomials in k

with γ1, γ2 6= 0 such that o (p) + o (q1) + o (q2) ≤ 3 and o (q1) + o (q2) ≤ 2 (o (∗) denotes
the order of a polynomial). Then the optimal investment rules of a CARA investor are the
solutions of a quadratic equation.

The densities that satisfy the conditions of this proposition are the normal, general gamma,
mixtures of a normal and a general gamma and mixtures of two general gammas.10 Taking
the special case where returns have a general gamma density (results can easily be extended
to any of the other cases, but lead to somewhat more cumbersome expressions.):

fR ≡
(r − γ)ζ−1 exp

³
− (r−γ)β

´
βζ
R∞
0 exp (−y) yζ−1dy ; ζ,β, (r − γ) > 0. (11)

From (58) and (61) derived in Appendix C, we show that:

V £fRt+1|Xt, gRt+1 | [Xt, c]¤ = − expµµ (µ− γ)

σ2

¶µ
1 +

µ

−γ
¶− (µ−γ)2

σ2 −exp
µ
−γ b0

ω0

¶µ
1 + β

b0
ω0

¶−ζ
(12)

where
¡
µ,σ2

¢
are the mean and variance of fR.

Value of information and Kullback-Leibler information discrepancies The notion
of the ‘value of information’ has typically been conceived of as a measure of the subjec-
8 This can be derived using the fact that if R is normally distributed, E (exp (Rk)) = e

σ2k2

2
+µk.

9 I am indebted to Steve Satchell for pointing out that investment rules of CARA investors are tractable beyond
the case of normality.
10Knight, Satchell, and Tran (1995) suggest that mixtures of gamma distributions may provide good models
for returns.
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tively expected gains from conducting a statistical experiment (e.g. Marschak and Miyasawa
(1968)). Hirshleifer and Riley (1992) discuss the related idea of the subjective value of infor-
mation of an experiment ex post to its realisation (the improvement in subjective expected
utility from the information evaluated after the experiment is conducted). The value of in-
formation discrepancy can be thought of as the ex post subjective value of information of
an ideal experiment (one that reveals the truth) but this is merely a conceptual device since
ideal experiments are rarely available in practice.

The value of information discrepancy can be viewed as a generalisation of the Kullback-
Leibler Information Discrepancy (KLID) given by:

K (fY |X, gY | [X, c]) ≡ EfY,X
·
log

µ
fY |X

gY | [X, c]
¶¸
. (13)

The two discrepancies are cardinally equivalent in the special case where

gY | [X, c] = κ1 exp (κ2v (c|y, x)) (14)

for some constants κ1,κ2 with κ2 > 0. In such a situation, the realised utility function
v (c|y, x) coincides with the log-likelihood function associated with the model gY | [x, c]. For
example, it is easy to verify this will be the case when v (c|y, x) = u (Y, a (gY | [X, c])) =¡
Y −EgY |[X,c] (Y )

¢2 and G is a class of normal distributions conditional on X with mean c
and fixed variance.

More generally, if for some κ1,κ2 with κ2 > 0 it is the case that

g0Y | [X, c] = κ1 exp (κ2v (c|y, x)) (15)

is a conditional density for all c ∈ B, the realised utility function will be the log-likelihood
function associated with the model g0Y | [X, c] and we can translate the measurement of a
model’s VOID to measurement of the KLID of a model in the class G0 = {g0Y | [X, c] : c ∈ B} .
This is important since there is a broad range of methods for developing models that have
good performance in terms of KLID. However, in most cases of interest κ1 exp (κ2v (c|y, x))
will not be a density for all c ∈ B because there will not exist constants κ1,κ2 such that for
all c ∈ B:

κ1

Z
exp (κ2v (c|y, x))dydx = 1. (16)

If we restrict our interpretation of VOID to be ordinal, measuring a model’s VOID is
equivalent to measuring its KLID if there exists a strictly monotonic function h such that
K (fY |X, gY | [X, c]) = h (V (fY |X, gY | [X, c])) for all c in B. It is extremely difficult to estab-
lish general conditions under which this will (or will not) be the case and it is even harder to
establish conditions under which there exists a model class G0 such that there is a mapping
between the VOID of a model in G and the KLID of a model in G0. Instead we illustrate
that there is no monotonic relationship between KLID and VOID in the context of a CARA
investment decision.

Example 3 (VOID and KLID for CARA investor) Continuing Example 2 in the sim-
ple case that b1 = ω1 = ω2 = 0 and using (9) and (15), for there to exist a model class the
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KLID of which is cardinally equivalent to VOID it must be that

κ1 exp

µ
−κ2 exp

µ
− b0
ω0
rt+1

¶¶
(17)

is a parametric density for all (b0,ω0) . Notice however that this expression is monotonic in
each parameter so it cannot integrate to 1 for all parameters and therefore is not a density.

To see that VOID and KLID for this class are not ordinally equivalent notice that the
KLID is

K [fR, gR| [b0,ω0]] = 1

2
log (2π) + log σ0 +

σ2 + µ2 − 2b0µ+ b20
2ω20

. (18)

Consider two models with means b10 = µ−ε and b20 = µ+ε respectively and the same variance
ω10 = ω20. From (18) and (12) we observe that these models have the same KLID but different
VOID so the discrepancies are not ordinally equivalent.

Frequentist statistical decision theory in the proposed framework Given that
VOID is used to measure the usefulness of a model, the usefulness of a predictive density is
given by the random variable V (fY |X, gY | [X,bc (ZT )]). In frequentist or objective statistical
decision theory, this random variable is interpreted as the loss arising from use of the esti-
mator bc (ZT ) and a number of methods for choosing estimators based on properties of this
random variable have been proposed.11 The central idea is that for a broad range of true
joint densities f for (X,Y,ZT ) estimators should perform ‘well’ in terms of statistical Risk:

R (f, gY | [X,bc (ZT )]) = EfZT [V (fY |X, gY | [X,bc (ZT )])] . (19)

As with VOID, use of statistical Risk as a performance measure is supported by the repeated
sampling principle and has a strong justification from the decision perspective when model
choice cannot be conditioned on ZT because it is intended for repeated use in the same
decision environment but with many samples.

Frequentist statistical decision theory has focused on the problem of estimation when
G is correctly specified. Some estimators that are justified in this situation (such as quasi-
likelihood or objective Bayesian procedures) are used even when G is not correctly spec-
ified with the interpretation that predictive densities obtained in this way will be good
approximations to the pseudo-true model gY | [X, cτ ], the model with pseudo-true parame-
ter cτ ∈ B minimising KLID. The typical justifications for adopting approximations to the
pseudo-true model are the following: firstly, it has been argued that the pseudo-true model
provides the best description of ‘truth’ feasible within the constraints of a misspecified model
(Akaike 1985, Larimore 1983, Kerridge 1961, Renyi 1961); secondly, KLID is a very inter-
pretable quantity that plays a central role in statistics in general (e.g. Bernardo and Smith
11By contrast, the subjective Bayesian approach is to construct ‘rational’ estimators (usually in the sense
of Savage) but this is typically extremely difficult for humans who do not satisfy the underlying rationality
axioms. This is aptly exemplified by the fact that it is not ‘rational’ for a decision-maker to use a model he
believes might be misspecified while econometricians always do so. Because in practice misspecified models
are always used, our first assumption was that the agent uses a model (as an approximation to his beliefs)
that may be misspecified. This makes our framework inconsistent with the standard subjective rationality
axioms.
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(1994), Zellner (1988), Kullback (1968)); thirdly, it is very convenient (it is usually fairly
tractable and in some cases we even be used to rank predictive models without knowing fY,X
(Aitchison 1975)).12

However, all these justifications are irrelevant from our decision-maker’s perspective for
whom the best feasible description of ‘truth’ will be given by the model with parameter c∗ ∈ B
minimising the value of information discrepancy V (fY |X, gY | [X, c]). We therefore propose
estimation of this model, hereafter referred to as the pseudo-optimal model indexed by the
pseudo-optimal parameter c∗ (appropriately modifying the term pseudo-true), as the objective
of econometric modelling for decision-making purposes. We will discuss circumstances in
which this leads to predictive densities with smaller Risk than that of predictive densities
designed to have small Kullback-Leibler Information discrepancies.

The modelling goal associated with the decision-based approach proposed is thereby dis-
tinguished from that of the standard approach by the object that estimated models are
meant to approximate: in the former case, this is the pseudo-optimal model and in the latter
it is the pseudo-true model. The distinction is therefore only meaningful when the pseudo-
optimal and the pseudo-true model differ, for which a necessary condition is that the model
is misspecified. However, this condition is not sufficient and it may be the case that the
decision-maker’s utility is not greatly affected by using the pseudo-true rather than pseudo-
optimal model even when they do differ. In the other extreme, it is also possible that the
pseudo-optimal model is optimal (no worse than knowing ‘truth’ for decision-making pur-
poses) and yet the pseudo-true model has an arbitrarily large VOID. In the CARA investment
example we have been analysing, we show that the difference between a pseudo-true and a
pseudo-optimal model can be substantial. In Section 5 we will see that the decision-based
approach leads to significant advantages in an empirical application.

Example 4 (Pseudo-true and pseudo-optimal models for CARA investor) In the de-
cision environment of Example 3, from the expression for VOID (12) we find that the pseudo-
optimal mean and variance parameters (b∗0,ω∗0) satisfy:

b∗0
ω∗0
=

µ
1− µ

γ

¶
µ

σ2
(20)

In Appendix C we show that investments based on an optimal model are given by

a∗ =
µ
1 +

µ

−γ
¶
1

λ

µ

σ2
. (21)

From (8) it follows that actions based on the pseudo-optimal model are optimal so the VOID
of a pseudo-optimal model is zero.

From (18) it is straightforward to show that when a normal model is used, for any true
density fR with finite mean and variance the pseudo-true mean and variance (bτ0,ω

τ
1) coincide

with the mean and variance of the true density
¡
bτ0 = µ, ω

τ
0 = σ2

¢
. An investor using a

pseudo-true normal model will behave like a particular type of mean-variance investor; such
12A very intriguing further justification for using pseudo-true models is implicit in the results of Blume and
Easley (2001) from which it is possible to deduce that under certain circumstances, if markets are complete,
users of pseudo-true models will have a selective advantage over users of other models.
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behaviour is clearly sub-optimal for an investor with exponential utility when excess returns
have a gamma density because it ignores the positive skewness of the density.13 Hence the
investor using a pseudo-true model invests less than he should when there is a positive mean
and takes too large a short position when there is a negative mean. This is reflected in the
VOID of a pseudo-true model which from (61) and (62) is given by:

V (fR, gR| [bτ0,ωτ
0]) = − exp

µ
µ (µ− γ)

σ2

¶µ
1 +

µ

−γ
¶− (µ−γ)2

σ2 −exp
³
−γ µ

σ2

´³
1 + β

µ

σ2

´−(µ−γσ )2
.

(22)
For appropriate parametrisations of fR, the performance of a pseudo-true model can be ar-
bitrarily bad while that of the pseudo-optimal model remains optimal.

In Appendix C we show that the proportionate increase in certainty equivalent obtained
by a decision-maker in switching from the pseudo-true model to the pseudo-optimal model is
given by

(µ− γ)2 ln (µ−γ)2
γ2−2µγ − µ2

(µ− γ)2 ln
³
1 + µ

µ−γ
´
+ γµ

(23)

which (for γ = −1) is plotted in Figure 1 as a function of µ.14 This indicates that the
pseudo-true model is a poor approximation to the pseudo-optimal model.

Extensions This framework is directly extendable to include agent objectives that do not
admit a representation in terms of utility functions but nevertheless can be represented by
a function such that VOID may be defined. Examples might include ambiguity-averse or
prospect-theory preferences. They also extend to situations where the objective is to choose
action rules (rather than models) from a parametric class that possibly excludes the optimal
rule, since we can define the VOID of an action rule from the optimal action rule in a manner
directly analogous to the VOID of a model from the truth. A leading example is the selection
of a technical trading rule from a commonly observed class. As long as these extensions lead
to value of information discrepancies with sufficiently regular properties, the methods we
propose below will lead to parameter selections that have low Risk.

3 A decision-based approach to model estimation, selection
and evaluation

We will now propose methods for estimation and model selection that under general condi-
tions on {F ,G, B, u} lead to predictive densities which, as sample size increases, have the
smallest Risk among the set of predictive densities consistent with our assumptions. Most im-
portantly, they will achieve this regardless of whether G is correctly specified or not. When G
is misspecified, these methods will typically have smaller Risk than quasi-likelihood methods.
13Furthermore, there may be a mean-variance approximation to this agent’s objective function that leads to
better decisions (see Levy and Markowitz (1979)).
14We set γ = −1 to capture the fact that investment in many financial assets carries liability limited to the
value of the investment. Note that this curve becomes steeper as γ is decreased.
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We also discuss methods for estimating the finite sample Risk of predictive densities.

3.1 Parametric model estimation

Consider an estimator bc∗ (ZT ) that converges in probability to the pseudo-optimal parameter
i.e. there exists a Tρ,δ such that for any T > Tρ,δ and δ

Pr (|c∗ − bc∗ (ZT )| < ρ) ≥ 1− δ. (24)

If VOID is bounded and continuous15 on B then almost sure convergence implies that

R (f, gY | [X,bc∗ (ZT )]) = V (fY |X, gY | [X, c∗]) + o (1) . (25)

An identical argument shows that any estimator bc (ZT ) that converges almost surely to a
parameter c0 that is not pseudo-optimal satisfies:

R (f, gY | [X,bc (ZT )]) = V ¡fY |X, gY | £X, c0¤¢+ o (1) . (26)

The definition of c∗ implies that

V ¡fY,X , gY | £X, c0¤¢ ≥ V (fY |X, gY | [X, c∗]) . (27)

Hence if bc∗ (ZT ) exists, predictive densities defined by bc∗ (ZT ) will have smaller Risk than
those defined by any other estimator as the sample size grows, for all fY |X in F . Importantly,
this includes estimators based on quasi-likelihood methods which will converge to the pseudo-
true parameter cτ . Therefore a consistent estimator for the pseudo-optimal parameter would
be an improvement over standard estimators from the decision-maker’s perspective.

Indeed, regularity conditions on {F ,G, B, u} given in Gourieroux and Monfort (1989,
Chapter 24) or Heyde (1997, Chapter 12) ensure that the sample analog of the pseudo-
optimal parameter

bc∗ (ZT ) = argmax
c∈B

TX
t=1

u (yt, a (g (xt, c))) (28)

does indeed converge to the pseudo-optimal parameter. Since this is an Empirical Risk
Minimisation estimator (Vapnik 1998) it may be referred to as a VOID-ERM estimator.
Skouras (1998) appears to provide the only application of such a VOID-ERM estimator to
date and results reported there suggest that predictive densities obtained through this type
of estimation can lead to decisions with small Risk in economic applications.16. Notice that
the VOID-ERM estimator maximises the sum of sample realised utility functions and that
in special circumstances they may coincide with log-likelihood functions. Vapnik (1998)
15This type of continuity is typically present in decision problems of interest to economists as exemplified in
(12) though it is difficult to derive general conditions on the primitives {F ,G, B, u} that would guarantee it.
Given continuity, boundedness is ensured by boundedness of B.
16Note that a (gY | [X,bc∗ (ZT )]) is simply the decision that minimises empirical risk, i.e. maximises average
in sample utility. Hence, this estimation procedure leads to decisions which are best replies to the empirical
distribution - that is, it leads to fictitious play. Fictitious play can be rationalised in a Savage framework
when models are unconditional (gY |X = gY ), since it is a Bayes rule with respect to Dirichlet priors. Bawa,
Brown, and Klein (1979) use such a decision rule in the context of a financial investment decision.
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provides some results that can justify the use of Empirical Risk Minimisation estimators in
terms of the distribution of loss (in this case V (fY |X, gY | [X,bc∗ (ZT )])) even in small samples.
Example 5 (VOID-ERM estimator for CARA investor) Using (9) and (28), the VOID-
ERM estimator for the investor of Example 2 using an AR(1)-GARCH(1,1) model for returns
is:

bc∗ (zT ) = argmax
c∈B

1

T

TX
t=1

− exp
µ
− b0 + b1rt
ω0 + ω1σ2t + ω2ε2t

rt+1

¶
(29)

= argmax
c∈B
− 1
T

TX
t=1

exp

Ã
− (b0 + b1rt) · rt+1
ω0Σ

t−1
j=0ω

j
1 + ω2Σ

t−1
j=0ω

j
1 (rt−j − b0 − b1rt−j−1)2 + ω1σ1

!
.

These results come with some qualifications. An obvious drawback is that there is no way
for the decision-maker to know whether a particular sample is large enough to support use
of the VOID-ERM estimator. In fact, it is known that quasi-likelihood methods often have
good efficiency properties so their small variance might lead to smaller Risk than VOID-ERM
estimators in moderately sized samples if the pseudo-true parameter is not too different to
the pseudo-optimal parameter. Furthermore, we have no way of distinguishing among two or
more estimators that are consistent for the pseudo-optimal parameter. This would be possible
if we were able to compare such methods in terms of efficiency or construct maximally efficient
estimators in this class, but we have not attempted to develop results that could be used for
this purpose.17

3.2 Model Selection

Consider now the situation where the model class G consists of a collection of I parametric or
semiparametric models captured by letting B = B1×B2× ....×BI . If I separate models are
estimated by VOID-ERM on each of the parameter subsets B1, B2, ...., BI then the argument
of the Section 3.1 suggests that if samples are large enough the model with smallest sample
VOID will also lead to decisions with the smallest Risk. This statement can be refined since
under conditions provided in Linhart and Zucchini (1986, Appendix 1.1) it follows directly
that:

R (f, gY | [X,bc∗i (ZT )]) =
EfY,X [u (Y, a (fY |X))] + o

µ
1

T

¶
− 1

T

TX
t=1

u
¡
yt, a

¡
giY | [xt,bci (zT )]¢¢+ 1

T
tr
³bΩ−1i bΣi´ (30)

where bc∗i (ZT ) is the VOID-ERM estimator for the i’th model and bΩi and bΣi are consistent
estimates for:

Ωi = EfY,X

·
∂2

∂c∂c0
u
¡
Y, a

¡
giY | [X, c∗i ]

¢¢¸
(31)

17Easy improvements over the VOID-ERM estimator might be achieved by taking estimation uncertainty into
account, but this will usually involve using a predictive distribution that is a mixture of models in G and
therefore typically not in G itself (see e.g. Klein, Rafsky, Sibley, and Willig (1978)).

13



Decisionmetrics: A decision-based approach to econometric modelling

Σi = T · EfY,X

"
∂u
¡
Y, a

¡
giY | [X, c∗i ]

¢¢
∂c

∂u
¡
Y, a

¡
giY | [X, c∗i ]

¢¢
∂c0

#
(32)

where c∗i is the pseudo-optimal parameter for the i
0th model. Such estimates may be obtained

in broad circumstances by replacing the above expressions with their sample analogs and c∗i
with the VOID-ERM estimator bc∗i (ZT ).

This asymptotic convergence result provides a way of penalising model complexity that
takes into account how the model will be used: for large enough sample sizes the predictive
density that minimises the last two terms on the right hand side of (30) will also minimise
Risk. Analogously to the use of information criteria for model selection, derivation of this
predictive density involves model selection based on maximisation of what we refer to as a
Value of Information Criterion (VOIC) - the negative of these last two terms. Note that
when VOID coincides with KLID, VOIC coincides with the Akaike Information Criterion, in
which case tr

¡
Ω−1i Σi

¢
= dim(ci). Otherwise however, use of VOIC is better than application

of information criteria, at least asymptotically.

Example 6 (Model selection for CARA investor) For the CARA investor using the
VOID-ERM estimator of Example 5 for any model nested in the AR(1)-GARCH(1,1) speci-
fication, the Value of Information Criterion is

max
c∈B

1

T

TX
t=1

− exp
µ
− b0 + b1rt
ω0 + ω1σ2t + ω2ε2t

rt+1

¶
+
1

T
tr
³bΩ−1i bΣi´ (33)

where analytical expressions for
∂u(Y,a(giY |[X,c∗i ]))

∂c and ∂2

∂c∂c0u
¡
Y, a

¡
giY | [X, c∗i ]

¢¢
necessary to

obtain bΩi and bΣi are given in Appendix B.
Other model selection criteria, e.g. based on bootstrapping or cross-validation can be

generalised in a similar fashion to perform in terms of VOID. If the I models are nested and
observations are iid, Vapnik’s (1998) Structural Risk Minimisation principle can be used for
model selection and will have a number of desirable properties.

3.3 Out of sample evaluation

As we have mentioned, our results cannot be used to compare estimators in small samples
and cannot distinguish between estimators that are consistent for the pseudo-optimal model
even in large samples. Our results on model selection also do not apply in small samples
and cannot be used when models are not estimated by VOID-ERM, e.g. for computational
reasons. In these cases, it may be useful to exploit the fact that under general conditions:

R (f, gY | [X,bc (ZT )]) =
EfY,X [u (Y, a (fY |X))] + o (1)−

T ∗+KX
T=T∗

u
¡
yT+1, a

¡
gYT+1 | [xT+1,bc (zT )]¢¢ , (34)
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where zT is the sample {yt, xt}Tt=T−T ∗+1. The Risk of predictive densities can therefore be
evaluated according to the last term in this equation - an out of sample estimate of expected
utility.

As a simplification to evaluation based on an estimate of Risk, it is sometimes convenient
to evaluate a model on the basis of an estimate of VOID for a particular sample zT . This is
achieved using the fact that

V (fY |X, gY | [X,bc (zT ∗)]) =
EfY,X [u (Y, a (fY |X))] + o (1)−

T ∗+KX
T=T∗

u
¡
yT+1, a

¡
gYT+1 | [xT+1,bc (zT∗)]¢¢ , (35)

where zT ∗ is the sample {yt, xt}T
∗

t=1. This is more convenient because it does not require aver-
aging over many realisations of the sample and therefore involves a single rather than K +1
parameter estimates. VOID conditional on a particular sample is a reasonable approximation
to Risk when this sample is very large.

Example 7 (Out of sample evaluation for CARA investor) Risk of an estimated model
for the CARA investor of Example 2 is measured in units that are difficult to interpret and
depends on wealth and risk aversion so we propose an ordinally equivalent evaluation measure
that has a far more intuitive interpretation.

Consider first the certainty equivalent gain Ξ (bc (ZT )) (relative to holding only cash assets)
of the investor who makes decisions based on predictive densities the parameters of which are
estimated by bc (ZT ). This represents the payment the decision-maker would be willing to make
to invest in the risky asset on the basis of this predictive density (if the alternative were no
investment at all) and is:

Ξ (bc (ZT )) = −1
λ
lnEf

·
exp

µ
− b0 (ZT ) + b1 (ZT ) rt
ω0 (ZT ) + ω1 (ZT )σ2t + ω2 (ZT ) ε2t

rt+1

¶¸
. (36)

As a measure that does not depend on risk aversion λ, we propose the following:

Ξ (bc (ZT )) = Ξ (bc (ZT ))− Ξ (bcrw (ZT ))
Ξ (bcrw (ZT )) (37)

where Ξ (bcrw (ZT )) is the certainty equivalent of a predictive density based on an estimated
benchmark random walk model for prices (or b1,ω1,ω2 = 0 i.e. returns are homoskedastic,
normal and have constant mean). This measure gives the proportionate payment increase
any CARA investor (regardless of wealth or risk aversion) would be willing to make to use
the model with parameters bc (ZT ) relative to the payment he would be willing to make for the
benchmark model with parameters bcrw (ZT ). Note that the random walk benchmark induces
a Buy and Hold strategy of size optimised with respect to the risk aversion of the CARA
investor and therefore is an important benchmark from the trading rule perspective. It is also
an important benchmark from the time-series perspective since it provides a comparison with
a very naive model that uses no conditioning information.
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As a simplified consistent estimate bΞ (bc (ZT )) for Ξ (bc (ZT )) we can use:
bΞ (bc (ZT )) = T ∗+KX

T=T ∗
u
¡
yT+1, a

¡
gYT+1| [xT+1,bc (zT ∗)]¢¢ (38)

4 A decision-based approach to inference

In this section we discuss some statistical tests that are interesting from the decision-making
perspective. The statistical theory exploited to construct these tests is that of inference based
on M-estimators.

4.1 A test with power to detect misspecification relevant for decision-
making

In practice, the process of model development often involves steps beyond estimation, model
selection and evaluation. In particular, misspecification tests are commonly employed as
part of both formal and informal model development procedures. The goal of course is not to
build a correctly specified model but to develop a model that is ‘congruent’ with a particular
data sample. However, even this is sometimes difficult to achieve with a parsimonious model,
particularly when large data samples are available. Hence, as Keuzenkamp (2000, p. 215)
puts it, ‘Econometric models aim at empirical adequacy and useful interpretations, not truth’
in which case the goal is to ensure that the model is not misspecified in a way that is crucial
for the purpose at hand.

Congruence is generally established by requiring that a model passes certain misspecifi-
cation tests of the form:

H0 : f ∈ G ⊂ F ,
H1 : f ∈ {F − G}

where F is a large space of densities, such as the space of all densities or all densities satisfying
broad regularity conditions and {F − G} is the subset of F that excludes the model class G.

In accordance with our view, a ‘good’ misspecification test is one that is powerful when
f is in a subspace F∗⊂ {F − G} that is of some particular interest to the decision-maker.
We propose a misspecification test that is powerful when misspecification results in ignoring
data regularities that are relevant for decision making.18 A decision-maker that assumes any
misspecification is unimportant is likely to use likelihood based estimation methods, since
under correct specification these have strong justification. However, if this assumption is
erroneous it will lead to the use of pseudo-true models asymptotically. The results of the
previous section imply that a sufficient condition for this to lead to a loss in utility relative to
admitting the possibility of misspecification and using a decision-based estimation procedure
is that the pseudo-true model differs from the pseudo-optimal model.
18The misspecification test proposed by Brock, Lakonishok, and LeBaron (1992) is in this spirit since it may
be viewed as a check of whether econometric models adequately describe features of the data that would be
relevant to a technical trader.

16



Decisionmetrics: A decision-based approach to econometric modelling

Our objective is therefore to construct a test that is powerful when the true model is in
a space of misspecified models F∗ ≡ {f ∈ F : gY | [X, c∗] 6= gY | [X, cτ ]} such that the pseudo-
true and pseudo-optimal models differ. To achieve this, let bcτ (ZT ) be an M-estimator that
under H0 is asymptotically normal and unbiased (for the true model), with variance equal
to the inverse of the Information Matrix (it is asymptotically efficient) and under H1 is
asymptotically normal and unbiased for the pseudo-true parameter; let bc∗ (ZT ) be a different
M-estimator that is asymptotically normal and unbiased (for the true model) under H0
and asymptotically normal and unbiased for the pseudo-optimal parameter under H1. It is
straightforward to show that under H0 the estimators have zero covariance asymptotically19

so let us define the statistic:

q = T (bcτ (ZT )− bc∗ (ZT )) hbV (bcτ (ZT )) + bV (bc∗ (ZT ))i−1 (bcτ (ZT )− bc∗ (ZT )) (39)

where bV (bc) is a consistent estimate of V (bc), the asymptotic variance of the M-estimator bc.
If L (ZT , c) is the function that the M-estimator optimises, its asymptotic variance is:

EfZT

·
∂2

∂c2
L (ZT ,bc)¸−1EfZT · ∂∂cL (ZT ,bc) ∂

∂c
L (ZT ,bc)0¸EfZT · ∂2∂c2L (ZT ,bc)

¸−1
. (40)

Our assumptions imply that under H0 for large T the statistic q will have a chi-squared
distribution with dim (c) degrees of freedom.

The power of this test is particularly tractable when under H1 the estimator bcτ (ZT )
achieves the information matrix equality. In this case, the estimators will also have zero
covariance asymptotically under H1 and it is easy to see that q

a∼ χ2dim(c),δ where δ =

T (c∗ − cτ )0 [V (bc∗ (ZT )) + V (bcτ (ZT ))]−1 (c∗ − cτ ) is a non-centrality parameter. The power
of the test increases with the size of |c∗ − cτ | and decreases with V (bc∗ (ZT )) and V (bcτ (ZT )).
The former observation suggests that the power of this test will depend on the extent to
which the misspecification leads to different optimal models for a decision-maker and an
information maximiser. The latter observation suggests the power of the test is maximised
when the most efficient of the consistent estimators for pseudo-optimal parameters is used.
Another striking feature of this test is that it is possible that |c∗ − cτ | increases as the size of
G is increased, so that simpler models may be more congruent with the data in the desired
respect than general ones (indeed, this occurs in some of the models and data analysed in
Section 6). Note also that the power of the test is a function only of δ so other types of
misspecification will be irrelevant, as desired. Under broad conditions on G, the maximum
likelihood estimator and the VOID-ERM estimator will satisfy the assumptions we have made
for bcτ (ZT ) and bc∗ (ZT ) respectively and consistent estimators of their asymptotic variances
can be obtained as sample analogs of (40) (for regularity conditions, see e.g. Heyde (1997,
Chapter 9)).

Example 8 (Test for misspecification relevant to CARA investor) The test statis-
tic q for testing whether there is misspecification in the AR(1)-GARCH(1,1) model that is
relevant for the CARA investor of Example 2 can be constructed by using (39). In that
19This type of result seems to have first been shown in Hausman (1978, p.1253, Lemma 1).
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expression, let bcτ (ZT ) be a quasi-maximum likelihood estimator with bV (bcτ (ZT )) a consis-
tent estimate for its asymptotic variance (detailed in Bollerslev (1986)) and let bc∗ (ZT ) be
the VOID-ERM estimator in (29), with an estimate for its asymptotic variance given bybV (bc∗ (ZT )) = bΩ−1bΣbΩ−1 where bΩ and bΣ are estimators constructed as discussed in Example
6.

4.2 Testing properties of pseudo-optimal models

There are many situations in which we would like to use data to learn about certain aspects
of agent decision-making such as the form of agents’ optimal decision rules or the value of
optimised expected utility. For example, Campbell and Viceira (1999) estimate the form of an
optimal consumption-investment rule in order to quantify the role of intertemporal hedging
in determining the demand for stocks and the equity premium. Aït-Sahalia and Brandt
(2001) estimate the form of an optimal portfolio allocation rule to determine the variables
an investor should track and the sensitivity of these variables to the investor’s preferences.
In many applications it may be of substantial interest to evaluate the utility effect to a
decision-maker from a restriction on the potentially misspecified model used. For example,
we would like to ascertain whether the contribution of a particular explanatory variable to
a decision-maker’s utility is statistically significant. This could be an issue of independent
interest (as is the case for example in studies relating to financial market efficiency where
it is relevant to consider whether publicly available information affects investor decisions -
see e.g. Skouras (2001) and Lo, Mamaysky, and Wang (2000)) or because such information
can be used in model-selection procedures that implement variable selection on the basis of
hypothesis tests.

It is straightforward to construct such a test once we realise it can be interpreted as a
test on properties of the pseudo-optimal model. In particular, consider the following test:

H0 : r (c∗) = 0, or f ∈ F0 ≡ {f ∈ F : r (c∗) = 0} ,
H1 : r (c∗) 6= 0, or f ∈ F −F0

where r is a potentially non-linear function representing a property of the pseudo-optimal
model and c∗ is the pseudo-optimal parameter.

Consider a VOID-ERM estimator bc (ZT ) and the constrained VOID-ERM estimatorec (ZT ) that minimises Risk subject to r (c∗) = 0. Under certain conditions, the statistic:
T (ec− bc)0 ∂r (bc)

∂c

µ
∂r (bc)
∂c0

bV (bc)−1 ∂r (bc)
∂c

¶−1 ∂r (bc)
∂c

(ec− bc) (41)

will have an asymptotic chi-squared distribution with dim (c) degrees of freedom under H0.
Sets of conditions under which this is true are given in Heyde (1997, Chapter 9), White (1994,
Theorem 10) and Mittelhammer, Judge, and Miller (2000, Section 7.6.3).

Example 9 (Test of usefulness of past returns to a CARA investor) We would like
to test whether the CARA investor of the previous Examples using a homoskedastic AR(1)
model for returns (i.e. ω1 = ω2 = 0) should condition actions on past returns. This involves
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testing the restriction r (c) = r (b1) = b1 = 0. If rejected, we conclude that past returns
contain information that is useful for this investor.

5 Empirical application of decision-based methods: CARA in-
vestments in the DJIA

Let us now turn to an empirical application of the proposed decision-based approach in the
context of a standard stylised decision problem. To do this, suppose the CARA investor of
Example 2 is now dividing wealth between cash and the Dow Jones Industrial Average index
based on an AR(1)-GARCH(1,1) model for the index. We will also consider the case where
the investor uses an AR(1) model without time-varying volatility which can be viewed as
the restriction ω1 = ω2 = 0 on B. The methods applied in this Section are discussed in the
examples of Sections 3 and 4.

Parameter estimation In Section 3.1 we suggested parameter estimation based on the
VOID-ERM estimator, which in the case of interest is given by (29). Note that if ω1 = 0,
VOID-ERM estimation can only identify the scale of the parameters. This occurs when we
estimate the AR(1) model with homoskedastic errors in which case we determine parameter
scale by setting ω0 to an estimate of the unconditional variance of the series obtained by
quasi-maximum likelihood (QML) estimation. Even when ω1 6= 0, the interaction between
the parameters in the numerator and denominator of (29) is such that the objective function
contains certain relatively flat regions that complicate numerical optimisation and parameter
identification. Figure 2 presents some cross-sections of this objective function in the vicinity
of its maximum for one of the samples used in the analysis that follows. The figure provides
evidence that the objective function maximised by the estimator is quite regular.

In Table 1 we report VOID-ERM and QML estimates (with asymptotic standard errors)
of model parameters for an AR(1) model with homoskedastic and GARCH errors respectively
based on DJIA daily returns over the period January 1897 to December 1996. The standard
errors are based on estimates of the asymptotic variance of (40) obtained as discussed in
Example 7.20 The data is divided into sub-periods along the lines of Sullivan, Timmermann,
and White (1999). We find that parameters change substantially over time and vary with
estimation method, particularly for the GARCH model. The VOID-ERM estimates for
the GARCH models are sometimes very small, perhaps because ω1 is small and therefore
parameter scale identification is difficult. In any case, constructing predictive densities with
good Risk performance (which is our primary objective) does not require accurate parameter
identification. The only adverse effect of an approximate identification problem would be that
it would influence the power of the decision-based specification tests. However, parameter
standard errors are also often small suggesting that the unusual parameter values obtained
might simply be a symptom of substantial misspecification of the AR(1)-GARCH(1,1) model
that is more apparent under VOID-ERM estimation than under QML estimation.
20These expressions are also used in the gradient based numerical algorithm used to compute our VOID-ERM
estimates. This non-trivial numerical optimisation problem was handled using a combination of the routines
available in the MATLAB optimisation toolbox.
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To improve our understanding of the behaviour of our estimators, in Table 2 we report
VOID-ERM and QML estimates (with asymptotic standard errors) for the same models based
on a return series consisting of 5000 observations (roughly the same size as the sub-periods
of Table 1) drawn from an AR(1)-GARCH(1,1) process with normal errors and parameters
determined by QML estimation over the entire period for which observations on the DJIA are
available (1897 to 1996). We find that when the correctly specified GARCH model is used,
likelihood-based estimates are closer to true values than VOID-ERM estimates, but when the
misspecified homoskedastic model is used, they are not. Indeed, this is consistent with what
we expect given that in the former case likelihood-based estimates are maximum likelihood
estimates and therefore have a number of strong properties (including asymptotic efficiency)
that do not carry over to the case of misspecification. In both cases parameter values are
fairly similar - far more so than for the original DJIA series, suggesting the simulated process
is not capturing aspects of the actual process that affect the behaviour of our estimators.

Specification tests In Tables 1 and 2 we have also reported the P-values from the decision-
based model specification test discussed in Example 8. The hypothesis that the model with
GARCH errors does not involve misspecification of relevance for decision-making is rejected
(at the 5% significance level) in all sub-periods but the last. Initially it may seem surprising
that this hypothesis is not rejected as often for the nested model with homoskedastic errors.
On reflection, we have already observed that a feature of this test is that a more general
model may be found to be misspecified even when a nested model is not. In particular, this
reflects the fact that the distance between pseudo-optimal and pseudo-true parameters is not
monotonic in the size of the model. The results imply that if the homoskedastic model is used,
it might be better to estimate it by QML since this will improve efficiency and will produce
estimates for the pseudo-optimal parameters that are not highly biased. These results are
in the same direction as those of Brock, Lakonishok, and LeBaron (1992), who find that
standard time-series models do not capture structure that is relevant for the behaviour of
technical trading rules on this data set; paralleling this, our results suggest that standard
time-series models do not capture structure that is relevant for the behaviour of optimal
trading rules for CARA investors.

Model Selection We applied the VOIC decision-based model selection criterion of Exam-
ple 6 to select between the homoskedastic and the GARCH process for each sub-period and
found that the GARCH process was always selected. The same was true when the experiment
was repeated using the Akaike Information Criterion (AIC). We only report the numerical
results supporting these conclusions for one sub-period (Table 6).

Evaluation Finally, we calculated an out of sample estimate of predictive density perfor-
mance based on VOID-ERM estimation and QML estimation. The performance measure
proposed in Example 7: the proportionate improvement in certainty equivalent from using a
particular estimated model rather than a model with constant mean and variance (see (38)).
The parameters of the benchmark model with constant mean and variance were estimated
by quasi-maximum likelihood.
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Table 3 reports the estimates thus obtained over sub-periods (2) to (5) with models
estimated in sub-periods (1) to (4) respectively. Table 4 reports the corresponding out of
sample mean quasi-likelihood which provides an estimate of KLID. Evidently, estimation by
VOID-ERM works better in terms of the decision-based measure but QML works better in
terms of the information-theoretic measure. This reaffirms the conclusion that the KLID is
not even ordinally equivalent to VOID. Tabels 4 and 5 also indicate that models that work
very well in terms of the decision-based measure can be extremely bad in terms of KLID,
particularly when the model is misspecified.

Finally, Table 5 reports corresponding out of sample mean squared errors. Evidently,
this standard and commonly used performance measure is a poor approximation to either
performance measure though it is somewhat correlated with the quasi-likelihood measure.
Even worse, it delivers extremely misleading results - for example that the random walk
model is ‘best’ for all of the sub-periods of the DJIA data and that therefore the highly
sub-optimal Buy and Hold strategy should be used.

Structural break in recent performance Another notable aspect of the results in Table
3 is that the decision-based out of sample performance of the models in the most recent sub-
period seems to be very poor. The two most plausible explanations for this change in recent
years are that a decrease in predictability has occurred due to increasing ‘market efficiency’,
or that the process has undergone some other change that makes data from as far back as
1962 irrelevant for forecasting returns in the eighties and nineties. To distinguish between
these explanations we re-estimated the model using the first 1530 observations of the last
sub-period as a sample and evaluated its performance in the remaining 999 periods of the
last sub-period. Table 6 reports parameter estimates, with standard errors, P-values for
the decision-based model misspecification test, the in sample log likelihood and in-sample
utility of the estimated models as well as the penalty trace term of (33) needed to implement
model selection based on VOIC and AIC. Model selection based on either criterion favours the
GARCH model. As already noted this is also the case in all the other sub-periods considered.

Table 7 reports out of sample performance of all estimated models. The best model in
terms of all metrics is the GARCH model estimated by QML, which is not too surprising
given that our misspecification tests cannot reject equality of pseudo-optimal and pseudo-
true parameters for the GARCH model. Note however that the performance of the model
estimated by VOID-ERM does very well in terms of the decision-based measure but very
badly in terms of the other measures.

These results are broadly consistent with those of Sullivan, Timmermann, and White
(1999) who find that in this last sub-period, the profitability of technical trading rules is
not larger than that of a Buy and Hold strategy. Similarly, we find evidence that in this
last sub-period the optimal trading rule of our CARA investor does not lead to substantial
improvements over the Buy and Hold strategy. However, our observation comes with the
qualification that such improvements can be obtained by using recent data to estimate the
model on which decisions are based. This suggests that if technical trading rules were es-
timated (rather than chosen from an ad hoc universe), as in Skouras (2001), their recent
performance might also be improved.
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Distributional and time-series aspects of predictive densities In order to further
understand our results, it is useful to consider the distributional and time-series properties
of the predictive densities we have analysed together with the positions and discrepancy
realisations they lead to. The main purpose of this analysis is to shed light on the reasons for
which the decision-based approach seems to be very effective so we have chosen to analyse
the predictive densities of the second sub-period (1919-38) in which the superiority of the
decision-based approach is strongest.

In Figures 3 and 4 we plot the out of sample empirical densities of positions associated
with the predictive densities of the homoskedastic and GARCH models estimated by QML
and VOID-ERM respectively (for λ = 1).21 Evidently, the distribution of positions is close
to normal only in the case of the homoskedastic model. This is because positions are a linear
function of mean forecasts which are themselves approximately normal. In the GARCH case
however, positions are a function of the ratio of the forecast for the mean over the forecast
for the variance. The GARCH specification leads to positions that differ far more across
estimation methods relative to the homoskedastic specification. Interestingly, this implies
that investors using the same model but different estimation method would frequently trade
with each other.

In Figures 5 to 8 we plot the in sample and out of sample time series of forecasts, dis-
crepancies and positions for the GARCH model estimated by each method. We observe that
variance forecasts are far more volatile for the model estimated by VOID-ERM both in and
out of sample. This leads to a much more substantial variation in positions for an investor
using decision-based methods. However, including transaction costs in our analysis would
tend to drastically dampen this variation thereby eliminating part of the likely source of the
superiority of the decision-based approach.

M-estimators sometimes have the problem that they are very sensitive to a few observa-
tions and therefore are very non-robust. Figures 5 and 6 indicate that this is not the case
for the VOID-ERM estimator since in sample realised utility does not contain any outliers.
Figures 7 and 8 suggest that there are a few outliers in out of sample utility that might
indicate our performance estimates are not too robust. However, these outliers do not affect
our qualitative conclusions since they are not associated with large positions but rather with
extreme realisations in the returns process and therefore have a similar effect regardless of
estimation or evaluation method. Furthermore, their negativity implies that removing them
would only serve to improve performance and the magnitude of this effect would not vary
substantially with estimation and evaluation method.

Summary The general thrust of these results is that application of the decision-based ap-
proach to model estimation, selection, specification analysis and evaluation yields significant
insight into the behaviour of the DJIA series and is almost always extremely useful for the
decision-maker. The simple (but standard) time series models considered here lead to rep-
resentations of the DJIA series that are sensitive to whether a decision-based approach is
used in their implementation. CARA investors seem to have a lot to gain from this approach
and it seems natural to expect that this conclusion would extend to investors with other
preferences.
21In sample analogs of these figures have very similar properties and are therefore not reported.
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6 Concluding remarks

We have developed and applied a decision-based approach to econometric modelling that
should be useful when a misspecified model is being developed for use in decision-making.
This approach involves methods that are shown to improve decision-making relative to stan-
dard statistical modelling procedures (under appropriate regularity conditions).

Our results are asymptotic and are obtained by exploiting existing statistical theory for
M-estimators as well as inference and model selection based on M-estimators. In particular,
existing theory is applied to a new measure of discrepancy between model and truth that is
derived from an objective expected utility maximisation problem. This discrepancy measures
the value of information in a model (to a decision-maker) and plays a fundamental role in
our decision-based approach that is analogous to the role of the Kullback-Leibler information
discrepancy (a measure of the quantity of information) in the information theoretic quasi-
likelihood approach to statistical modelling. We have also shown that the value measure
nests the quantity measure as a special case though in general they are not related in any
simple fashion. The methods we propose generalise quasi-likelihood methods in the sense
that they involve replacing the decision-maker’s realised utility function for the model’s log
quasi-likelihood function.

For expositional purposes, the approach is developed under the assumption that the
decision-maker is solving a precisely known objective expected utility maximisation problem
(and that the modeller and decision-maker’s incentives are aligned). However, non-expected
utility objective functions are also compatible with the proposed framework if they lead to
a sufficiently regular VOID. Furthermore, if objective functions are not precisely known the
decision-based approach can still be useful: it can be applied to a selection of plausible models
for the decision environment in a sensitivity analysis designed to determine confidence in
decisions based on any particular model of this environment. More generally, the modeller will
have some beliefs about the form of the relevant utility function and the relevant likelihood
function and may combine them in a realised meta-utility function in which each will be
weighted to reflect the relative accuracy with which each is known. This would lead to a
hybrid decision-based / quasi-likelihood approach to econometric modelling.

We have analytically derived the performance of a single-period investor with CARA
utility that uses a quantity of information maximising model (KLID minimising) for decision-
making relative to an investor that uses a value of information maximising model (VOID
minimising). In the setting of unconditional decision-making considered, we found that
VOID differed substantially to KLID and that their relationship was non-monotonic; by
using the derived class of densities for which optimal investment rules of a CARA investor
are tractable, these results can be further extended. We also estimated the performance of an
investor with CARA utility undertaking conditional decision-making on the basis of a time
series model for returns on the DJIA index and a simulated series and found that using the
decision-based approach will lead to very substantial utility gains. Hence we may conclude
that the decision-based approach is useful in at least some practical situations of conditional
decision-making.

The approach will also be useful in situations where we are interested in evaluating the
implications of predictability for decision-making using a misspecified model, or in evaluating
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whether a model is misspecified in directions that are relevant for decision-making. Our em-
pirical results suggest that the predictability of the DJIA index can lead to substantial effects
on utility even when it is exploited with simple time series models. They also suggest that an
AR(1) model with normally distributed GARCH(1,1) errors does not capture features of the
DJIA series that are relevant for CARA investors, though this conclusion may be reversed in
the most recent subset of the data. These observations are consistent with the conclusions of
Brock, Lakonishok, and LeBaron (1992) who find that simple time series models miss struc-
ture relevant for users of technical trading rules and of Sullivan, Timmermann, and White
(1999) who report that this situation may have been reversed in recent years.

The decision problem analysed was chosen as a compromise between practical relevance,
tractability and ease of exposition. Even fairly simple extensions, for example to multi-period
investment decisions, will make application of the decision-based approach more computa-
tionally intensive. However, the methods proposed can in principle be applied in a broad
range of decision environments.

Of course further work needs to be done to evaluate the practical usefulness of the decision-
based approach in the context of specific decision environments. This would involve the
accumulation of engineering type knowledge about the situations in which each method
is most useful. The decision-based approach is defined by the objective of seeking good
performance in terms of VOID and it is certain that more sophisticated methods can be
derived that will deliver even better performance in terms of this measure.

One important direct application of these methods that we have mentioned but not
discussed in any detail is to the development of good parametric decision rules. In some
situations decision-makers may wish to use data to choose decision-rules that are not derived
from explicit models of the environment. For example, investors may believe that there is
some validity to technical analysis and it may therefore be desired to choose from the vast
array of potential technical trading rules one that is good for a particular market. Our
methods can be directly applied to estimation, selection, evaluation and inference of these
rules from a decision-based perspective and therefore provides a framework in which activities
such as technical analysis can be viewed as a branch of econometrics.

From a certain perspective, the decision-based modelling approach proposed presents a
profound break with standard empirical modelling methods because it prescribes different
models for agents with different preferences or decision constraints even when they are oth-
erwise identical. This is because information processing or learning is preference dependent
when predictions are viewed as intermediate goods that have no intrinsic value or meaning
outside a process for producing decisions. If the normative prescriptions of our approach are
also interpreted as having positive content, this might explain some of the observed diversity
in forecasts of similarly informed agents and may suggest a mechanism that leads to the
amplification of behavioural diversity in complex environments. It might therefore be inter-
esting to study the behaviour of an economy in which full rationality is replaced by agents
using pseudo-optimal models that will in general vary with their primitive characteristics as
defined by preferences and endowments.
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7 Appendix

A. Proof of Proposition 1 Note that

U (α) = −MR (−λα) (42)

This objective function may be replaced by

min
α
p (−λα) + γ1 ln (q1 (−λα)) + γ2 ln (q2 (−λα)) (43)

The first order condition is

−λp0 (−λα)− λγ1q
0
1 (−λα)

q1 (−λα) − λγ2q
0
1 (−λα)

q2 (−λα) = 0

⇐⇒ p0 (−λα) q1 (−λα) q2 (−λα) + γ1q
0
1 (−λα) q2 (−λα) + γ2q

0
2 (−λα) q1 (−λα) = 0 (44)

A sufficient condition for this to be solvable is that it can be written as

s (−λα) = 0 (45)

where s is a second order polynomial. From the fact that for any polynomial functions
z1, z2 it is the case that o (z1 · z2) = o (z1) + o (z2), o (z1 + z2) = max {o (z1) , o (z2)} and
o (z0) = o (z) − 1 it is evident that if o (p) + o (q1) + o (q2) ≤ 3 and o (q1) + o (q2) ≤ 2 then
o (s) ≤ 2 as required.

B. Auxiliary results We derive expressions necessary to characterise the asymptotic vari-
ance and complexity penalty of the CARA investor’s VOID-ERM estimator for the AR(1)-
GARCH(1,1) process. The necessary expressions correspond to the derivatives in (31), (32),
(40) and are also used in the gradient based optimisation procedure used to compute the
VOID-ERM.

For notational simplicity let L (c) = −u (Y, a (gY | [X, c])) and note that for the AR(1)-
GARCH(1,1) process u (Y, a (gY | [X, c])) = − exp

³
− b0+b1Rt

ω0+ω1σ2t+ω2ε
2
t
Rt+1

´
. Then:

∂L (c)

∂c
= −Rt+1

∂
³
µt+1
σ2t+1

´
∂c

L (c) (46)

where
∂
³
µt+1
σ2t+1

´
∂c

=

µ
σ−2t+1

∂µt+1
∂c

− µt+1σ−4t+1
∂σ2t+1
∂c

¶
(47)

∂µt+1
∂c0

=
£
1 Rt 0 0 0

¤
(48)

∂σ2t+1
∂c0

= ω1
∂σ2t
∂c0

+
£ −2c2εt −2c2εtRt−1 1 σ2t ε2t

¤
(49)
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and therefore:

∂2L (c)

∂c∂c0
= L (c)R2t+1

∂
³
µt+1
σ2t+1

´
∂c

∂
³
µt+1
σ2t+1

´
∂c0

− L (c)Rt+1
∂2
³
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σ2t+1

´
∂c∂c0

(50)

∂2
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´
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∂c
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∂c∂c0

+ Ξt (51)
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∂σ2t
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0
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∂ω1
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0

 (52)

C. Analytical results characterising decisions and performance of the CARA
investor in Examples 3 and 4 It can be shown that the moment generating function for
a general gamma distribution is:

MR (k) = EfR [exp (kR)] = exp (γk) (1− βk)−ζ , βk < 1. (53)

Using this expression and (3), the expected utility of an agent investing α in the risky asset
is:

U (α) = −MR (−λα) = − exp (−γλα) (1 + βλα)−ζ , α > − 1

βλ
(54)

from which the certainty equivalent to investing α in the risky asset is given by:

C (α) = γα+
ζ

λ
ln (1 + βλα) , α > − 1

βλ
(55)

Note also that (53) can be used to obtain expressions for the first and second moments
of fR from which we can show that:½

µ = ζβ + γ
σ2 = ζβ2

¾
⇔
(

ζ = (µ−γ)2
σ2

β = σ2

µ−γ

)
(56)

where µ and σ2 respectively denote the mean and variance of R. From (55) and (56) it
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follows that the optimum investment in the risky asset α∗ is given by:22

α∗ =
µ

ζ

−γ −
1

β

¶
1

λ
=

µ
1 +

µ

−γ
¶
1

λ

µ

σ2
(57)

Hence the investors’ maximised utility is:

U (α∗) = − exp
µ
ζ +

γ

β

¶µ
ζβ

−γ
¶−ζ

= − exp
µ
µ (µ− γ)

σ2

¶µ
1 +

µ

−γ
¶− (µ−γ)2

σ2

(58)

and the certainty equivalent of maximised utility is:

C (α∗) = −1
λ

·µ
ζ +

γ

β

¶
+ ζ ln

µ
ζβ

−γ
¶¸

=
(µ− γ)

λσ2

·
(µ− γ) ln

µ
1 +

µ

−γ
¶
− µ

¸
(59)

Using that (bτ0,ω
τ
0) =

¡
µ,σ2

¢
as discussed in Example 4, the investment ατ = α (bτ0,ω

τ
0)

based on use of a pseudo-true model will be:

ατ = argmax
α∈A
−EgR|[bτ0 ,ωτ0 ] exp (−λαR) =

1

λ

bτ0
ωτ
0

=
1

λ

µ
1

β
+

γ

ζβ2

¶
=
−γ
ζβ

α∗. (60)

From (54) and (8), expected utility as a function of beliefs (b0,ω0) is given by:

U (α (b0,ω0)) = exp

µ
−γ b0

ω0

¶µ
1 + β

b0
ω0

¶−ζ
. (61)

The expected utility associated with use of the pseudo-true model is therefore:

U (ατ ) = − exp
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µ
1
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γ

ζβ2

¶¶µ
2 +

γ

ζβ

¶−ζ
= − exp

³
−γ µ

σ2

´µ
1 +

µ

µ− γ

¶− (µ−γ)
σ2

2

(62)
so the certainty equivalent is

C (ατ ) =
1
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·
γ

·
1

β
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γ

ζβ2

¸
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(63)

The improvement in using the true model over using the pseudo-true one can be expressed
in terms of the associated (proportionate) increase in certainty equivalent:

C (α∗)−C (ατ )

C (ατ )
=

ζ ln
h

ζ2β2

−2ζβγ−γ2
i
− (ζβ+γ)2

ζβ2

ζ ln
³
2 + γ

ζβ

´
+ γ

h
1
β +

γ
ζβ2

i = (µ− γ)2 ln (µ−γ)2
γ2−2µγ − µ2

(µ− γ)2 ln
³
1 + µ

µ−γ
´
+ γµ

. (64)

This unit-free measure has the advantage that it does not depend on λ or σ2.

22The requirement that α > − 1
βλ
is not binding since for γ < 0 it is not binding at the unique maximum of

the utility function given by a∗.
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Figure 1: Proportionate increase in Certainty Equivalent from using an optimal relative to
a pseudo-true (Normal) model as a function of the mean of the distribution for (Gamma
distributed) returns.
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Sample period Est. b0 · 10−4 b1 · 10−2 ω0 · 10−5 ω1 · 10−1 ω2 · 10−2 Misspec P.

1897-1914 1 1.121
(1.467)

1.571
(4.336)

11.074
(1.192)

T = 5272 2 1.488
(.001)

.321
(.030)

11.074 .95

3 4.218
(1.097)

4.598
(1.622)

.534
(.084)

7.865
(.181)

1.688
(.125)

4 3 · 10−5
(.001)

.014
(.034)

.0005
(.001)

4.621
(1.132)

.072
(.161)

0

1915-1938 1 2.509
(1.743)

.749
(2.479)

21.507
(.929)

T = 7165 2 2.666
(.000)

.304
(.000)

21.507 .98

3 6.862
(1.187)

2.232
(1.2819)

.173
(.044)

9.065
(.094)

8.577
(.825)

4 2 · 10−5
(2·10−5)

.0002
(.0001)

6 · 10−12
(4·10−11)

5.949
(.655)

.001
(.0001)

0

1939-1962 1 2.025
(.938)

1.172
(.237)

5.506
(.253)

(till June) 2 3.421
(.011)

3.4139
(.431)

5.506 .005

T = 6443 3 3.125
(.946)

17.149
(1.406)

.215
(.048)

8.718
(.118)

8.809
(.771)

4 .0002
(.01)

. 271
(.431)

.004
(.004)

6.874
(1.559)

.341
(.486)

0

1962-86 1 1.967
(1.0689)

14.155
(1.624)

7.005
(.211)

(from July) 2 2.889
(.094)

8.524
(1.154)

7.005 .031

T = 6157 3 3.043
(.893)

14.929
(1.365)

.044
(.014)

9.339
(.086)

6.138
(.809)

4 .096
(.094)

1.585
(1.155)

.002
(.005)

7.930
(.413)

1.833
(1.207)

0

1987-1996 1 5.275
(2.210)

1.152
(7.161)

10.892
(2.137)

T = 2529 2 5.724
(11.979)

0.575
(22.345)

10.892 .988

3 7.212
(1.623)

2.768
(2.299)

. 231
(.081)

8.902
(.166)

8.896
(1.944)

4 3.865
(11.984)

7.529
(2.235)

10−6
(.171)

8.840
(.623)

11.604
(33.676)

.095

Table 1: Parameter estimates with standard errors in parentheses below. Estimators labelled
1 and 2 are respectively QML and VOID-ERM of an homoskedastic AR(1) model. Estima-
tors 3 and 4 are respectively QML and VOID-ERM of AR(1)-GARCH(1,1) model. Note
that for the homoskedastic models estimated by VOID-ERM, the variance is fixed at the
QML estimate to overcome the identification problem discussed in the text. The P values
reported correspond to the misspecification test described in the text, applied to each model
and for each subperiod. Parameter estimates vary substantially across estimation methods
suggesting misspecification relevant for decision-making. The magnitude of this effect may
have decreased in recent years.
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Estimator b0 · 10−4 b1 · 10−2 ω0 · 10−5 ω1 · 10−1 ω2 · 10−2 P-value

QMLAR 8.107
(3.171)

5.728
(3.578)

9.978
(.615)

− −
ERMAR 8.116

(8.170)
4.314
(4.749)

9.978− − − .955

QMLGARCH 7.186
(2.815)

4.966
(3.398)

.406
(.216)

8.584
(.3862)

10.284
(2.199)

ERMGARCH 6.119
(8.179)

3.195
(4.754)

.222 · 10−8
(.1562)

9.404
(.3012)

4.298
(4.116)

.432

TRUE 7.212 2.768 .2307 8.902 8.896

Table 2: As in Table 1 for a series simulated from a normal AR(1)-GARCH(1,1) process.
QML estimation seems more efficient when the model is correctly specified (the GARCH
case) but not otherwise (the AR case). The last row reports the parameters of this process
obtained by QML estimation on the DJIA series.

bΞ (bc (ZT )) (%)
Estimator 1915-38 1939-62 1962-86 1987-96 Simulation

QMLAR −1259.95 99.39 559.08 −1.64 · 106 67.92
ERMAR .49 45.82 1256.73 −.705 · 106 116.83
QMLGARCH 916.41 600.90 3205.26 1.326 211.56
ERMGARCH 1349.25 4038.74 3525.39 −174.54 221.28

Table 3: Out of sample performance of each model estimated by each method in terms of
an out of sample estimaet of the proportional improvement in certainty equivalent relative
to using a QML estimated random walk model (a Buy and Hold strategy). The GARCH
model estimated by VOID-ERM performs best (and very well) except in recent years when
no estimated model performs substantially better than the random walk model.

MQL·10−4
1915-38 1939-62 1962-86 1987-96 Simulation

QMLAR 2.664 3.174 3.348 3.072 2.917
ERMAR 2.664 3.174 3.340 3.081 2.916
QMLGARCH 3.023 3.566 3.448 3.329 3.073
ERMGARCH −642.309 −29489.435 −40.976 −2.910 3.022
R.W. 2.664 3.174 3.337 3.091 2.912

Table 4: Out of sample Mean Quasi Likelihood performance of each model estimated by
each method, as well as a QML estimated random walk. The GARCH model estimated by
QML always performs better than competitors. The GARCH model estimated by ERM has
terrible performance except in the simulation where the model is correctly specified.

33



Decisionmetrics: A decision-based approach to econometric modelling

MSE·10−4
1915-38 1939-62 1962-86 1987-96 Simulation

QMLAR 2.151 .5574 .7009 1.109 1.537
ERMAR 2.151 .5579 .7088 1.096 1.538
QMLGARCH 2.154 .5578 .7013 1.111 1.538
ERMGARCH 2.152 .5588 .7148 1.092 1.541
R.W. 2.151 .5583 .7148 1.091 1.547

Table 5: Out of sample Mean Squared Error performance of each model estimated by each
method, as well as a QML estimated random walk. The GARCH model estimated by QML
typically performs better than competitors.

Estimator b0 b1 ω0 ω1 ω2 P-value Log Lik Sample U Penalty
·10−4 ·10−2 ·10−5 ·10−1 ·10−2

QMLAR 4.218
(3.282)

1.912
(8.241)

15.319
(3.537)

4548.667 -1528.021 -52.155

ERMAR 4.609
(29.646)

.388
(16.652)

15.319 .995 4548.656 -1527.989 -1.768

QMLGARCH 7.294
(2.595)

.485
(2.948)

.848
(.414)

8.130
(.352)

12.410
(2.254)

4841.808 -1527.806 -20.113

ERMGARCH 19.642
(29.666)

13.805
(16.630)

6.430
(10.714)

7.938
(1.535)

2.062
(1.646)

.940 4338.235 -1525.590 -1.766

Table 6: Parameter estimates with standard errors in parentheses for the first 1530 observa-
tions of the last sub-period. The P values reported correspond to the misspecification test
described in the text, applied to each model. We also report the log-likelihood and in sam-
ple utility of each model as well as the additive Penalty term that is necessary to compute
model selection statistics. The penalty for the QML estimated models is the AIC penalty
and the penalty for the VOID-ERM estimated models is VOIC penalty. Both model selection
criteria suggest using the GARCH model and the decision-based specification test suggests
estimation by QML.

bΞ (bc (ZT )) (%) MQL MSE·10−5
QMLAR -10 3.381 4.136
ERMAR 10.36 3.338 4.132
QMLGARCH 192.98 3.578 4.126
ERMGARCH 147.16 2.997 4.317
R.W. 0 3.337 4.136

Table 7: Out of sample performance in terms of proportionate certainty equivalent improve-
ment over random walk forecasts, mean quasi likelihood and mean squared error for the
models of Table 5. The out of sample period consists of the last 999 observations of the last
subperiod. Best performance in terms of all measures is achieved by the QML estimated
GARCH model the use of which is suggested by the in sample results of Table 5.
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Figure 2: In sample utility as a function of various parameters of the AR(1)-GARCH(1,1)
model for the first half of the last sub-period used (Jan. 1987 to approximately mid 1991
-1530 observations). Evidently the VOID-ERM estimator optimises a smooth and concave
function though certain flat regions may complicate parameter identification and numerical
optimisation.
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Figure 3: The top two panels plot the empirical densities of out of sample positions taken by
an investor using an AR(1) model estimated during 1915-38 with each method. The lower
panel reports the proportionate difference in positions that results from using the different
estimation methods.
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Figure 4: The top two panels plot the empirical densities of out of sample positions taken by
an investor using an AR(1)-GARCH(1,1) model estimated during 1915-38 with each method.
The lower panel reports the proportionate difference in positions that results from using the
different estimation methods.
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Figure 5: In sample time-series plots for the AR(1)-GARCH(1,1) model estimated by VOID-
ERM.
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Figure 6: In sample time-series plots for the AR(1)-GARCH(1,1) model estimated by quasi-
maximum likelihood.
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Figure 7: Out of sample time-series plots for the AR(1)-GARCH(1,1) model estimated by
VOID-ERM.
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Figure 8: Out of sample time-series plots for the AR(1)-GARCH(1,1) model estimated by
quasi-maximum likelihood.
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