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Jrugrq M1 Doh{dqghu

Xqlyhuvlw| ri Plqqhvrwd

Doh{dqguh P1 Edswlvwd

Xqlyhuvlw| ri Plqqhvrwd

Pd| 57/ 5333

WDgguhvv fruuhvsrqghqfh wr Jrugrq M1 Doh{dqghu/ Xqlyhuvlw| ri Plqqhvrwd/ Fduovrq Vfkrro

ri Pdqdjhphqw/ Ghsduwphqw ri Ilqdqfh/ 65404<wk Dyhqxh Vrxwk/ Plqqhdsrolv/ PQ 887881

Skrqh= 94509570;8<;1 Id{= 9450959046681 H0pdlo= jdoh{dqghuCfvrp1xpq1hgx1 Zh duh

lqghewhg wr dq dqrq|prxv uhihuhh/ Odzuhqfh Ehqyhqlvwh/ Oxfd Ehq}rql/ Udyl Mdjdqqdwkdq/

Mrkq Nduhnhq/ Mdq Zhuqhu/ dqg vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Dul}rqd/ dqg

wkh Xqlyhuvlw| ri Plqqhvrwd iru yhu| khosixo frpphqwv1 Edswlvwd judwhixoo| dfnqrzohgjhv

�qdqfldo vxssruw iurp Vxe0Surjudpd Flíqfld h Whfqrorjld gr Vhjxqgr Txdgur Frpxqlwäulr

gh Dsrlr1 Dq hduolhu yhuvlrq ri wklv sdshu flufxodwhg xqghu wkh wlwoh �Ydoxh dw Ulvn dqg

Phdq0Yduldqfh Dqdo|vlv1�



Hfrqrplf Lpsolfdwlrqv ri Xvlqj d Phdq0YdU Prgho iru Sruwirolr Vhohfwlrq=

D Frpsdulvrq zlwk Phdq0Yduldqfh Dqdo|vlv

Devwudfw

Zkloh sursrvhg e| Edxpro +4<96, doprvw irxu ghfdghv djr/ Ydoxh dw Ulvn +YdU, kdv

uhfhqwo| uhhphujhg lq wkh �qdqfh olwhudwxuh dv d qhz sdudgljp wr pdqdjh dqg frqwuro ulvn1

Zh uhodwh YdU wr phdq0yduldqfh dqdo|vlv dqg h{dplqh wkh hfrqrplf lpsolfdwlrqv dulvlqj iurp

d phdq0YdU iudphzrun1 Zkhq frpsdulqj wzr phdq0yduldqfh h!flhqw sruwirolrv/ wkh kljkhu

yduldqfh sruwirolr pljkw kdyh ohvv YdU1 Frqvhtxhqwo|/ dq h!flhqw sruwirolr wkdw joredoo|

plqlpl}hv YdU pd| qrw h{lvw1 Lqwhuhvwlqjo|/ wkh phdq0YdU h!flhqw vhw lv d surshu vxevhw ri

wkh phdq0yduldqfh h!flhqw vhw dqg lw pd| hyhq eh hpsw|1 D fkdudfwhul}dwlrq ri wkh h{lvwhqfh

ri wkh plqlpxp YdU sruwirolr vxjjhvwv wkdw rqh pxvw eh fduhixo lq fkrrvlqj wkh frq�ghqfh

ohyho dw zklfk YdU lv ghwhuplqhg1 H{whqvlrqv ri rxu uhvxowv wr wkh fdvh ri qrq0qrupdolw| duh

dovr surylghg1 Zh �qg wkdw/ dw ohdvw dv dq dssur{lpdwlrq/ wkh xvh ri d phdq0YdU fulwhuld

lv frqvlvwhqw zlwk dq h{shfwhg xwlolw| pd{lpl}dwlrq iudphzrun1 Hfrqrplf lpsolfdwlrqv ri d

phdq0YdU iudphzrun lqfoxgh wkh uhvxow wkdw wkh ulvn h{srvxuh ri d kljko| ulvn0dyhuvh djhqw/

dv phdvxuhg e| vwdqgdug ghyldwlrq/ lqfuhdvhv zkhq kh ru vkh ghflghv wr xvh YdU dv wkh

uhohydqw phdvxuh ri ulvn1

MHO fodvvl�fdwlrq= J44> J45> G;4

Nh|zrugv= Sruwirolr Fkrlfh> YdU> Ulvn Pdqdjhphqw dqg Frqwuro> Dvvhw Sulflqj



41 Lqwurgxfwlrq

Wkhuh lv d jhqhudo eholhi lq wkh �qdqfh olwhudwxuh wkdw Ydoxh dw Ulvn +YdU, lv d qhz

dssurdfk wr pdqdjh dqg frqwuro ulvn1� Wkh frqfhsw ri YdU/ krzhyhu/ zdv �uvw sursrvhg e|

Edxpro +4<96, zkhq h{dplqlqj d prgho uhihuuhg dv wkh H{shfwhg Jdlq0Frq�ghqfh Olplw

Fulwhulrq/ doprvw irxu ghfdghv djr12 Pruh jhqhudoo|/ wkh dvvrfldwhg �vdihw| �uvw prghov�

zhuh lqlwldoo| dqdo|}hg e| Ur| +4<85, dqg Whovhu +4<88,/ dprqj rwkhuv1� Lq wklv sdshu zh

uhodwh YdU wr phdq0yduldqfh dqdo|vlv dqg h{dplqh wkh hfrqrplf lpsolfdwlrqv dulvlqj iurp d

phdq0YdU iudphzrun1

Rxu zrun lv gl�huhqw iurp suhylrxv uhvxowv lq vhyhudo uhvshfwv1 Iluvw/ zh surylgh dq

dqdo|wlfdo fkdudfwhul}dwlrq ri wkh phdq0YdU h!flhqw iurqwlhu1 Vhfrqg/ zh lqyhvwljdwh wkh

lpsolfdwlrqv ri xvlqj YdU dv wkh uhohydqw phdvxuh ri ulvn lq dq djhqw*v rswlpdo sruwirolr1

Wklug/ zh vwxg| htxloleulxp lpsolfdwlrqv uhvxowlqj iurp d phdq0YdU iudphzrun1 Ilqdoo|/ zh

h{dplqh krz d phdq0YdU fulwhuld uhodwhv wr dq h{shfwhg xwlolw| pd{lpl}dwlrq iudphzrun1

Jlyhq d suhvshfl�hg frq�ghqfh ohyho dqg d sduwlfxodu wlph krul}rq/ d sruwirolr*v YdU lv

wkh pd{lpxp orvv rqh h{shfwv wr vx�hu dw wkdw frq�ghqfh ohyho e| kroglqj wkdw sruwirolr

ryhu wkdw wlph krul}rq1 Pruh suhflvho|/ wkh YdU dw wkh �ff|I frq�ghqfh ohyho ri d ulvn|

sruwirolr iru d vshfl�f wlph shulrg lv wkh udwh ri uhwxuq � vxfk wkdw wkh suredelolw| ri wkdw

sruwirolr kdylqj d udwh ri uhwxuq ri �� ru ohvv lv �� |�

Lqlwldoo| zh vxssrvh wkdw vhfxulw| udwhv ri uhwxuq kdyh d pxowlyduldwh qrupdo glvwulexwlrq1

Dv Kxoo dqg Zklwh +4<<;/ ss1 43, srlqwhg rxw/ wklv lv d srsxodu dvvxpswlrq zkhq fdofxodwlqj

d sruwirolr*v YdU1 Iru h{dpsoh/ wkh| qrwh wkdw lw lv frpprq wr dvvxph wkdw fkdqjhv lq pdunhw

yduldeohv vxfk dv htxlw|/ erqg/ dqg frpprglw| sulfhv duh qrupdoo| glvwulexwhg zkhq xvlqj

UlvnPhwulfv1e Ixuwkhupruh/ Gx!h dqg Sdq +4<<:/ ss1 44045, vkrz wkdw frpsxwlqj wkh gdlo|

YdU ri wkh V)S833 dw wkh bD dqg bbI frq�ghqfh ohyhov xqghu wkh dvvxpswlrq ri qrupdolw|

uhvxowv lq dq hvwlpdwh wkdw lv d jrrg dssur{lpdwlrq wr wkh ydoxh wkdw lv rewdlqhg xvlqj wkh

klvwrulfdo glvwulexwlrq ri lwv gdlo| uhwxuqv gxulqj wkh shulrg 4<;904<<91 Qhyhuwkhohvv/ zh dovr

h{whqg rxu uhvxowv wr wkh fdvh ri qrq0qrupdolw|1
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Iluvw/ zh dvvxph wkdw qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|1 Zkhq vhfxulw| udwhv

ri uhwxuq kdyh d pxowlyduldwh qrupdo glvwulexwlrq/ lw lv qrw vxusulvlqj wkdw wkh phdq0YdU

erxqgdu| fruuhvsrqgv wr wkh phdq0yduldqfh erxqgdu|1D Krzhyhu/ zh vkrz wkdw li wkh frq0

�ghqfh ohyho lv vx!flhqwo| vpdoo/ wkhq wkh plqlpxp YdU sruwirolr dw wkdw frq�ghqfh ohyho

pd| qrw h{lvw1 Zh surylgh d fkdudfwhul}dwlrq ri wkh h{lvwhqfh ri wkh plqlpxp YdU sruwirolr

dqg ghulyh wkh forvhg0irup vroxwlrq iru wkh YdU plqlpl}dwlrq sureohp1 Lqwhuhvwlqjo|/ zh

vkrz wkdw xvlqj YdU dv d phdvxuh ri ulvn uhvxowv lq dq h!flhqw iurqwlhu wkdw lv vpdoohu wkdq

wkh phdq0yduldqfh h!flhqw iurqwlhu dqg/ vxusulvlqjo|/ zh vkrz wkdw lw pd| hyhq suhfoxgh wkh

h{lvwhqfh ri phdq0YdU h!flhqw sruwirolrv lq wkh hfrqrp|1

Xvlqj rxu fkdudfwhul}dwlrq ri wkh plqlpxp YdU sruwirolr/ zh rewdlq vhyhudo lqwhuhvw0

lqj uhvxowv1 Zh vkrz wkdw wkh plqlpxp YdU sruwirolr frqyhujhv wr wkh plqlpxp yduldqfh

sruwirolr dv wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhuplqhg frqyhujhv wr �ffI1 Frqvh0

txhqwo|/ wkh phdq0YdU h!flhqw iurqwlhu frqyhujhv wr wkh phdq0yduldqfh h!flhqw iurqwlhu dv

wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhuplqhg frqyhujhv wr �ffI1 Zh �qg wkdw zkhq

wkh frq�ghqfh ohyho fkrvhq wr frpsxwh YdU ghfuhdvhv wr d vx!flhqwo| vpdoo qxpehu/ wkh

h{shfwhg udwh ri uhwxuq ri wkh plqlpxp YdU sruwirolr frqyhujhv wr lq�qlw| dqg wkh vhw ri

phdq0YdU h!flhqw sruwirolrv frqyhujhv wr wkh hpsw| vhw1 Zh wkhq vkrz wkdw d sruwirolr lv

phdq0yduldqfh h!flhqw li dqg rqo| li lw joredoo| plqlpl}hv YdU iru vrph frq�ghqfh ohyho1

Vhfrqg/ zh dvvxph wkdw d ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|1 Zh �qg wkdw li wkh

frq�ghqfh ohyho dw zklfk YdU lv frpsxwhg lv vx!flhqwo| vpdoo/ wkhq wkh phdq0YdU h!flhqw

iurqwlhu lv hpsw|1 Zh vkrz wkdw li wkh frq�ghqfh ohyho dw zklfk YdU lv frpsxwhg lv vx!flhqwo|

odujh/ wkhq wkh phdq0YdU h!flhqw iurqwlhu frlqflghv zlwk wkh phdq0yduldqfh h!flhqw iurqwlhu1

Wklv uhvxow frqwudvwv zlwk wkh fdvh zkhq qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|/ zkhuh wkh

phdq0YdU h!flhqw iurqwlhu lv dozd|v d surshu vxevhw ri wkh phdq0yduldqfh h!flhqw iurqwlhu

zkhq wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhuplqhg lv ohvv wkdq �ffI1

Vlqfh lq pdq| dssolfdwlrqv vhfxulw| udwhv ri uhwxuq kdyh ohswrnxuwrvlv +cidw wdlov*,/ vnhz0

qhvv/ ru erwk/ lw lv xvhixo wr vwxg| wkh fdvh ri qrq0qrupdolw|1 Zh h{whqg wkh deryh uhvxowv wr
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wkh fdvh zkhq vhfxulw| udwhv ri uhwxuq kdyh d pxowlyduldwh w0glvwulexwlrq wr dgguhvv wkh fdvh ri

ohswrnxuwrvlv1 Zkhq wkh qrupdolw| ru w0glvwulexwlrq dvvxpswlrq lv qrw pdgh/ dq dssolfdwlrq

ri Fkhe|vkhy*v lqhtxdolw| vkrzv wkdw rxu uhvxowv surylgh uhohydqw lqirupdwlrq lq whupv ri

YdU xsshu erxqgv dqg uhlqirufhv wkh lghd wkdw rqh pxvw eh fduhixo lq fkrrvlqj frq�ghqfh

ohyhov wr ghwhuplqh YdU lq d zd| wkdw pdnhv vhqvh +l1h1/ vr wkdw wkh sureohp ri plqlpl}lqj

wkh Fkhe|vkhy xsshu erxqg rq YdU kdv d vroxwlrq,1

Zh wkhq h{dplqh zkhwkhu d phdq0YdU fulwhuld lv frqvlvwhqw zlwk wkh w|slfdo suhihuhqfh

vshfl�fdwlrqv xvhg lq prghuq �qdqfldo hfrqrplfv1 Lqwhuhvwlqjo|/ zh �qg wkdw/ dw ohdvw dv

dq dssur{lpdwlrq/ wkh iudphzrun h{dplqhg lq wklv sdshu dulvhv iurp wkh sruwirolr fkrlfh

sureohp ri d ulvn0dyhuvh djhqw zkr pd{lpl}hv h{shfwhg xwlolw|1 Lq sduwlfxodu/ zh vkrz wkdw

d �phdq0Fkhe|vkhy xsshu erxqg rq YdU� iudphzrun iroorzv iurp wkh dssur{lpdwlrq wr

h{shfwhg xwlolw| sursrvhg e| Ohy| dqg Pdunrzlw} +4<:<,1

Zh wkhq lqyhvwljdwh hfrqrplf lpsolfdwlrqv dulvlqj iurp d phdq0YdU iudphzrun1 Iluvw/

zh vwxg| wkh lpsolfdwlrqv ri d phdq0YdU iudphzrun lq dq djhqw*v rswlpdo sruwirolr1 Lq0

whuhvwlqjo|/ zh �qg wkdw zkhq qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|/ wkh fkdqjh ri dq

djhqw*v ulvn h{srvxuh/ dv phdvxuhg e| vwdqgdug ghyldwlrq/ dulvlqj iurp wkh ghflvlrq wr xvh

YdU dv wkh uhohydqw phdvxuh ri ulvn ghshqgv xsrq klv ru khu ghjuhh ri ulvn dyhuvlrq1 D kljko|

ulvn0dyhuvh djhqw zkr ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn zloo lqfuhdvh klv ru

khu ulvn h{srvxuh1S Lq frqwudvw/ wkh ulvn h{srvxuh ri d voljkwo| ulvn0dyhuvh djhqw zkr ghflghv

wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn pd| ghfuhdvh/ uhpdlq frqvwdqw/ ru lqfuhdvh1 Zkhq

wkhuh lv d ulvniuhh vhfxulw| lq wkh hfrqrp|/ wkh ulvn h{srvxuh ri dq djhqw zkr ghflghv wr xvh

YdU dv wkh uhohydqw phdvxuh ri ulvn pd| dovr ghfuhdvh/ uhpdlq frqvwdqw/ ru lqfuhdvh1

Vhfrqg/ zh vwxg| wkh htxloleulxp lpsolfdwlrqv dulvlqj iurp d phdq0YdU iudphzrun1 Zh

vkrz wkdw dq djhqw*v ghflvlrq wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn pd| d�hfw htxl0

oleulxp vhfxulw| sulfhv1 Lq htxloleulxp/ wkh phdq0YdU h!flhqw vhw lv qrq0hpsw| iru hyhu|

djhqw1 Wkhuhiruh/ li dq djhqw fkrrvhv d frq�ghqfh ohyho vxfk wkdw dw jlyhq vhfxulw| sulfhv

wkh phdq0YdU h!flhqw vhw lv hpsw|/ wkhq wkrvh sulfhv fdqqrw eh htxloleulxp sulfhv1 Khqfh/
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vhfxulw| sulfhv kdyh wr dgmxvw vr wkdw wkh phdq0YdU h!flhqw vhw lv qrq0hpsw| iru wkh djhqw

zkr fkrrvhv wkh orzhvw frq�ghqfh ohyho wr frpsxwh YdU1 Zh qrwh wkdw wkh FDSP ^vhh

Vkdush +4<97,/ Olqwqhu +4<98,/ dqg Prvvlq +4<99,` uhvxow krogv li djhqwv kdyh phdq0YdU

suhihuhqfhv1 Ilqdoo|/ zh �qg wkdw lq htxloleulxp/ wkhuh lv d olqhdu uhodwlrq ehwzhhq h{shfwhg

udwh ri uhwxuq dqg YdU iru h!flhqw sruwirolrv dqg ghulyh wkh sulfh ri YdU/ zklfk zh uhihu wr

dv wkh uhzdug0wr0YdU udwlr1

Rxu zrun lv uhodwhg wr Edvdn dqg Vkdslur +4<<<, dqg Dkq/ Erxgrxnk/ Ulfkdugvrq/ dqg

Zklwhodz +4<<<, lq wkdw wkhvh wzr vwxglhv dovr lqyhvwljdwh dq rswlpl}dwlrq iudphzrun wkdw

wdnhv YdU lqwr frqvlghudwlrq1 Zkloh wkh �uvw vwxg| surylghv d uljrurxv dqdo|vlv ri h{shfwhg

xwlolw| pd{lpl}dwlrq zlwk d frqvwudlqw lqyroylqj YdU/ wkh vhfrqg h{dplqhv wkh sureohp ri

plqlpl}lqj YdU zlwk sxw rswlrqv jlyhq d uhvwulfwlrq lq wkh pd{lpdo h{shqglwxuh vshqw rq

vxfk rswlrqv1 Lq frqwudvw/ zh surylgh d fkdudfwhul}dwlrq ri wkh phdq0YdU h!flhqw vhw dqg

h{dplqh wkh hfrqrplf lpsolfdwlrqv dulvlqj iurp d phdq0YdU iudphzrun1.

Wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh uhodwh YdU wr phdq0yduldqfh dqdo|vlv1

Vhfwlrq 6 dgguhvvhv wkh fdvh ri qrq0qrupdolw|1 Lq Vhfwlrq 7 zh uhodwh d phdq0YdU fulwhuld wr

h{shfwhg xwlolw| pd{lpl}dwlrq1 Lq Vhfwlrq 8 zh vwxg| wkh hfrqrplf lpsolfdwlrqv dulvlqj iurp

xvlqj d phdq0YdU iudphzrun1 Vhfwlrq 9 frqfoxghv1 Doo surriv duh jlyhq lq wkh Dsshqgl{1

51 Wkh Phdq0YdU Erxqgdu| dqg H!flhqw Iurqwlhu

Vxssrvh wkdw qr ulvniuhh vhfxulw| h{lvwv dqg ohw ? � 2 eh wkh qxpehu ri ulvn| vhfxulwlhv lq

wkh hfrqrp|1 Dvvxph wkdw wkh udwhv ri uhwxuq ri wkhvh vhfxulwlhv kdyh d pxowlyduldwh qrupdo

glvwulexwlrq zkhuh > 5 U? lv wkh yhfwru ri h{shfwhg udwhv ri uhwxuq dqg P lv wkh yduldqfh0

fryduldqfh srvlwlyh gh�qlwh pdwul{ ri udwhv ri uhwxuq1 Ohw ` � i� 5 U? G
S

?

�'��� ' �j eh

wkh vhw ri sruwirolrv zlwk zhoo0gh�qhg h{shfwhg udwhv ri uhwxuq +�� kdv wkh lqwhusuhwdwlrq ri

wkh sursruwlrq ri zhdowk lqyhvwhg lq vhfxulw| �,1 Zh gr qrw uxoh rxw wkh srvvlelolw| ri vkruw

vdohv lq wkdw �� lv doorzhg wr eh qhjdwlyh1 Iru dq| � 5 ` / gh�qh o� dv wkh udqgrp udwh

ri uhwxuq ri sruwirolr �c dqg ohw .do�o dqg jdo�o ghqrwh wkh h{shfwhg udwh ri uhwxuq dqg wkh

7



vwdqgdug ghyldwlrq ri wkh udwh ri uhwxuq ri sruwirolr ��H Irupdoo|/ zh gh�qh YdU dv iroorzv1

Gh�qlwlrq 41 Jlyhq d wlph shulrg/ wkh YdU dw wkh �ff|I frq�ghqfh ohyho ri d ulvn| sruwirolr

lv wkh udwh ri uhwxuq � vxfk wkdw 8 E��� ' ��|c zkhuh | 5 E�*2c�� dqg 8 E�� lv wkh fxpxodwlyh

glvwulexwlrq ixqfwlrq ri wkh sruwirolr*v udwh ri uhwxuq dw wkh hqg ri wkdw shulrg1

Iru dq| | 5 E�*2c ��c ohw |W 5 Efc4� eh vxfk wkdw xE�|W� ' ��|c zkhuh xE�� lv wkh vwdqgdug

qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq1 Ohw [ ghqrwh wkh vsdfh ri udqgrp yduldeohv zlwk

qrupdo glvwulexwlrqv1 Xvlqj Gh�qlwlrq 4/ wkh ixqfwlrq T G E�*2c ��� [ $ Uc gh�qhg e|

T d|c oo ' |Wjdoo� .dooc ;E|c o� 5 E�*2c ��� [ +4,

jlyhv wkh YdU dw �ff|I frq�ghqfh ohyho iru d sruwirolr zlwk d qrupdoo| glvwulexwhg udwh ri

uhwxuq o1 Wkh phdvxuh ri ulvn vxjjhvwhg e| Edxpro/ wkh �orzhu frq�ghqfh olplw� iru wkdw

sruwirolr/ lv jlyhq e| .doo�&jdooc zkhuh & 5 U/ l1h1/ plqxv YdU iru wkh dssursuldwh frq�ghqfh

ohyho1b Wkh htxlydohqf| ehwzhhq wkh Edxpro*v phdvxuh ri ulvn dqg YdU lv hylghqw1

5141 Wkh Phdq0YdU Erxqgdu|

Zh qrz jlyh wzr gh�qlwlrqv dqg wkhq qrwh wkdw wkh| duh htxlydohqw zkhq | : �*2�

Gh�qlwlrq 51 D sruwirolr � 5 ` ehorqjv wr wkh phdq0YdU erxqgdu| dw wkh �ff|I frq�ghqfh

ohyho li dqg rqo| li/ iru vrph . 5 Uc � vroyhv wkh iroorzlqj sureohp=

plq
�M`

|Wjdo�o� .do�o +5,

r�|� .do�o ' .� +6,

Wkh vhw ri phdq0YdU erxqgdu| sruwirolrv grhv qrw ghshqg rq | dv orqj dv | : �*2c zklfk

zh dvvxph1�f Khqfh/ zkhq uhihuulqj wr wkh phdq0YdU erxqgdu| zh rplw wkh frq�ghqfh ohyho

dw zklfk YdU lv frpsxwhg1
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Gh�qlwlrq 61 D sruwirolr � 5 ` ehorqjv wr wkh phdq0yduldqfh erxqgdu| li dqg rqo| li/ iru

vrph . 5 Uc � vroyhv wkh iroorzlqj sureohp=

4�?
�M`

j2do�o +7,

vxemhfw wr htxdwlrq +6,1

Xvlqj htxdwlrq +6, lq wkh plqlpl}dwlrq sureohp +5,/ d sruwirolr ehorqjv wr wkh phdq0YdU

erxqgdu| li dqg rqo| li lw ehorqjv wr wkh phdq0yduldqfh erxqgdu| vlqfh |W : f1�� Phuwrq

+4<:5, vkrzhg wkdw sruwirolr � ehorqjv wr wkh phdq0yduldqfh erxqgdu| li dqg rqo| li

j2do�o

�*�
�

E.do�o��*��2

(*�2
' �c +8,

zkhuh �c�c�c dqg ( duh frqvwdqwv gh�qhg e|

� ' =�P3�>c +9,

� ' >�P3�>c +:,

� ' =�P3�=c +;,

( ' �� ��2c +<,

zlwk�c� dqg( ehlqj srvlwlyh/ dqg = 5 U? ghqrwlqj wkh ?0glphqvlrqdo xqlw yhfwru E�c ���c ��1

Xvlqj htxdwlrqv +4, dqg +8,/ d sruwirolr � lv lq wkh phdq0YdU erxqgdu| li dqg rqo| li

dET d|c o�o n .do�o� *|
Wo
2

�*�
�

E.do�o��*��
2

(*�2
' �� +43,

Wkh uhsuhvhqwdwlrq ri phdq0YdU erxqgdu| sruwirolrv lq phdq0YdU vsdfh fruuhvsrqgv wr d

vlpsoh wudqvirupdwlrq ri wkh uhsuhvhqwdwlrq ri phdq0yduldqfh erxqgdu| sruwirolrv lq phdq0

vwdqgdug ghyldwlrq vsdfh ^vhh Iljxuhv 4+d, dqg 4+e,`1�2

Iru dq| sruwirolr � 5 `c *�4
|<�*2

T d|c o�o ' �.do�o vlqfh |W $ f dv |$ �*2� Wkdw lv/ dv wkh

frq�ghqfh ohyho frqyhujhv wr DfIc wkh YdU ri dq| sruwirolr frqyhujhv wr plqxv lwv h{shfwhg

udwh ri uhwxuq1�� Khqfh/ wkh phdq0YdU erxqgdu| frqyhujhv wr d olqh zlwk vorsh ri plqxv rqh

wkdw lqwhuvhfwv wkh ruljlq dv |$ �*2 ^vhh Iljxuh 5+d,`1

9



Iru dq| sruwirolr � 5 `c *�4
|<�

T d|c o�o ' n4 vlqfh |W $ n4 dv |$ �� Lq rughu wr rewdlq

d frqyhujhqfh uhvxow zh qrwh wkdw *�4
|<�

T d|c o�o*|
W ' *�4

|W<n"
jdo�o�.do�o*|W ' jdo�oc lqglfdwlqj

wkdw wkh h�hfw ri wkh h{shfwhg udwh ri uhwxuq rq wkh YdU ri d ulvn| sruwirolr ghfuhdvhv dv

wkh frq�ghqfh ohyho dw zklfk YdU lv frpsxwhg lqfuhdvhv1 Wkhuhiruh/ wkh uhsuhvhqwdwlrq ri

phdq0YdU erxqgdu| sruwirolrv lq phdq0YdU2wW vsdfh �frqyhujhv� wr wkh wudglwlrqdo phdq0

vwdqgdug ghyldwlrq k|shuerod dv |$ � ^vhh Iljxuh 5+e,`1

5151 Wkh Phdq0YdU H!flhqw Iurqwlhu

Zh qrz gh�qh phdq0YdU h!flhqf|1

Gh�qlwlrq 71 D sruwirolr � 5 ` ehorqjv wr wkh phdq0YdU h!flhqw iurqwlhu dw wkh �ff|I

frq�ghqfh ohyho li dqg rqo| li qr sruwirolr � 5` h{lvwv vxfk wkdw .do�o � .do�o dqg T d|c o�o �

T d|c o�oc zkhuh dw ohdvw rqh ri wkh lqhtxdolwlhv lv vwulfw1

Gh�qlwlrq 7 lv d �YdU yhuvlrq� ri wkh vwdqgdug phdq0yduldqfh h!flhqf| qrwlrq=

Gh�qlwlrq 81 D sruwirolr � 5 ` ehorqjv wr wkh phdq0yduldqfh h!flhqw iurqwlhu li dqg rqo|

li qr sruwirolr � 5 ` h{lvwv vxfk wkdw .do�o � .do�o dqg jdo�o � jdo�oc zkhuh dw ohdvw rqh ri

wkh lqhtxdolwlhv lv vwulfw1

515141 Wkh Plqlpxp YdU Sruwirolr

Sdudooho wr wkh fkdudfwhul}dwlrq ri wkh plqlpxp yduldqfh sruwirolr zh qrz fkdudfwhul}h

wkh plqlpxp YdU sruwirolr1

Ohppd 41 Li wkh plqlpxp YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho h{lvwv/ wkhq lw lv

phdq0yduldqfh h!flhqw1

Uhfdoo wkdw iru d pxowlyduldwh qrupdoo| glvwulexwhg udwh ri uhwxuq o zh kdyh T d|c oo '

|Wjdoo � .doo� Khqfh/ wkhuh duh wzr h�hfwv rq YdU zkhq zh pryh dorqj wkh phdq0yduldqfh

:



h!flhqw iurqwlhu= +l, wkh vwdqgdug ghyldwlrq h�hfw wkdw rffxuv wkurxjk wkh whup |Wjdoo( dqg

+ll, wkh phdq h�hfw wkdw rffxuv wkurxjk wkh whup .doo� Wkhuhiruh/ li wkh frq�ghqfh ohyho dw

zklfk YdU lv ghwhuplqhg lv qrw odujh hqrxjk vr wkdw wkh vwdqgdug ghyldwlrq h�hfw rxwzhljkv

wkh phdq h�hfw/ wkhq wkh sureohp ri plqlpl}lqj YdU kdv qr vroxwlrq1

Dvvxplqj lw h{lvwv/ ohw 6| 5 ` ghqrwh wkh plqlpxp YdU sruwirolr dw wkh �ff|I frq�0

ghqfh ohyho1 Wkh iroorzlqj uhvxow surylghv d fkdudfwhul}dwlrq ri wkh h{lvwhqfh ri wkh plqlpxp

YdU sruwirolr dqg d forvhg0irup vroxwlrq wr wkh YdU plqlpl}dwlrq sureohp1

Sursrvlwlrq 41 Wkh plqlpxp YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho h{lvwv li dqg rqo|

li | : xE
s
(*��1 Ixuwkhupruh/ li | : xE

s
(*��c wkhq 6| 5 ` lv jlyhq e|

6| ' } n �

5
7�
�

n

yxxw(

�

#
E|W�

2

� E|W�
2 �(

�
�

�

$6
8 c +44,

zkhuh } dqg � duh ?0glphqvlrqdo yhfwruv gh�qhg e| } ' �
(
d� EP3�
� � �EP3�>�o dqg � '

�
(
d�EP3�>��� EP3�
�o�

Sursrvlwlrq 4 vkrzv wkdw rqh pxvw eh fduhixo lq fkrrvlqj frq�ghqfh ohyhov wr fdofxodwh

YdU lq d zd| wkdw pdnhv vhqvh +l1h1/ vr wkdw plqlpl}lqj YdU lv dq rewdlqdeoh remhfwlyh,1 Li

| lv vx!flhqwo| vpdoo/ wkhq wkh YdU plqlpl}dwlrq sureohp grhv qrw kdyh d vroxwlrq1

Xvlqj Sursrvlwlrq 4 dqg htxdwlrq +4,/ li wkh plqlpxp YdU sruwirolr h{lvwv/ wkhq lwv YdU

lv jlyhq e|

T d|c o6|
o ' |W

v
E|W�

2

� E|W�
2 �(

�

5
7�
�

n

yxxw(

�

#
E|W�

2

� E|W�
2 �(

�
�

�

$68 � +45,

Wkh iroorzlqj uhvxow lqglfdwhv wkdw wkh vroxwlrq wr wkh YdU plqlpl}dwlrq sureohp lv dozd|v

glvwlqfw iurp wkh vroxwlrq wr wkh yduldqfh plqlpl}dwlrq sureohp1

Fruroodu| 41 Li wkh plqlpxp YdU sruwirolr h{lvwv dw d jlyhq frq�ghqfh ohyho | 	 �c wkhq lw

olhv deryh wkh plqlpxp yduldqfh sruwirolr rq wkh phdq0yduldqfh h!flhqw iurqwlhu1

;



Fruroodu| 4 vkrzv wkdw zkhq | 	 �c wkh phdq h�hfw lv dozd|v suhvhqw lq wkh YdUplqlpl}d0

wlrq sureohp1 Wkdw lv/ zkhq | 	 � zh pd| ghfuhdvh YdU wkurxjk dq lqfuhdvh lq wkh phdq

+dqg/ wkhuhiruh/ lq wkh vwdqgdug ghyldwlrq, ri wkh plqlpxp yduldqfh sruwirolr dv zh pryh

dorqj wkh phdq0yduldqfh h!flhqw iurqwlhu1�e Wklv uhvxow fdq eh h{sodlqhg dv iroorzv1 Xvlqj

htxdwlrq +8,/ qrwh wkdw iru wkh plqlpxp yduldqfh sruwirolr/ ghqrwhg e| 6
j
5 ` / zh kdyh

Yjdo�o*Y.do�om�'6j
' f� Khqfh/ dq lqfuhdvh lq wkh phdq ri wkh plqlpxp yduldqfh sruwirolr

dv zh pryh dorqj wkh phdq0yduldqfh h!flhqw iurqwlhu surgxfhv d uhodwlyho| vpdoo lqfuhdvh lq

vwdqgdug ghyldwlrq dqg/ wkhuhiruh/ wkh phdq h�hfw rxwzhljkv wkh vwdqgdug ghyldwlrq h�hfw1

515151 D Fkdudfwhul}dwlrq ri Phdq0YdU H!flhqf|

Sursrvlwlrq 5 lv d fkdudfwhul}dwlrq ri phdq0YdU h!flhqf|1�D

Sursrvlwlrq 51 +l, Li | : xE
s
(*��/ wkhq d sruwirolr lv phdq0YdU h!flhqw dw wkdw frq�ghqfh

ohyho li dqg rqo| li lw ehorqjv wr wkh phdq0YdU erxqgdu| dqg lw kdv dq h{shfwhg udwh ri uhwxuq

juhdwhu wkdq ru htxdo wr wkh h{shfwhg udwh ri uhwxuq ri wkh plqlpxp YdU sruwirolr dw wkdw

frq�ghqfh ohyho1 +ll, Li | � xE
s
(*��/ wkhq qr phdq0YdU h!flhqw sruwirolr h{lvwv dw wkdw

frq�ghqfh ohyho1

Xvlqj Sursrvlwlrqv 4 dqg 5/ iru dq| | : �*2c wkhuh h{lvw d yhfwru ri h{shfwhg udwhv ri

uhwxuq > 5 U? dqg d yduldqfh0fryduldqfh pdwul{ ri udwhv ri uhwxuq P jhqhudwlqj dq hpsw|

phdq0YdU h!flhqw iurqwlhu dw wkh �ff|I frq�ghqfh ohyho1 Fruroodu| 5 iroorzv lpphgldwho|

iurp Sursrvlwlrq 51

Fruroodu| 51 Wkh plqlpxp yduldqfh sruwirolr lv phdq0YdU lqh!flhqw dw dq| frq�ghqfh ohyho

| 	 ��

Dq looxvwudwlrq ri Fruroodu| 5 lv surylghg lq Iljxuh 4+e,1 Sursrvlwlrqv 4 dqg 5 duh dovr

xvhixo wr ghulyh wkh iroorzlqj frqyhujhqfh uhvxowv1

<



515161 Frqyhujhqfh Uhvxowv

Fruroodu| 6 vkrzv wkdw wkh vroxwlrq ri wkh YdU plqlpl}dwlrq sureohp frqyhujhv wr wkh

vroxwlrq ri wkh yduldqfh plqlpl}dwlrq sureohp dv |$ �1

Fruroodu| 61 Wkh plqlpxp YdU sruwirolr frqyhujhv wr wkh plqlpxp yduldqfh sruwirolr dv

|$ �1

Fruroodu| 6 fdq eh h{sodlqhg dv iroorzv1 Dv wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhu0

plqhg lqfuhdvhv/ wkh vwdqgdug ghyldwlrq h�hfw dovr lqfuhdvhv gxh wr wkh dvvrfldwhg lqfuhdvh lq

|W1 Khqfh/ dv wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhuplqhg frqyhujhv wr �ffIc wkh vrox0

wlrq ri wkh YdU plqlpl}dwlrq sureohp frqyhujhv wr wkh vroxwlrq ri wkh yduldqfh plqlpl}dwlrq

sureohp vlqfh wkh phdq h�hfw ehfrphv vpdoo dqg yluwxdoo| glvdsshduv lq wkh olplw1

Fruroodu| 71 Wkh vhw ri phdq0YdU h!flhqw sruwirolrv lv d surshu vxevhw ri wkh vhw ri phdq0

yduldqfh h!flhqw sruwirolrv zkhq | 	 �c exw wkh iruphu frqyhujhv wr wkh odwwhu dv |$ �1�S

Fruroodu| 7 vkrzv wkdw xvlqj YdU dv d phdvxuh ri ulvn uhgxfhv wkh vhw ri h!flhqw sruwirolrv

lq wkh hfrqrp| zkhq frpsduhg zlwk wkh phdq0yduldqfh h!flhqf| fulwhuld/ dqg wkdw wkh phdq0

YdU h!flhqw iurqwlhu frqyhujhv wr wkh phdq0yduldqfh h!flhqw iurqwlhu dv |$ �1

Fruroodu| 81 Wkh h{shfwhg udwh ri uhwxuq ri wkh plqlpxp YdU sruwirolr frqyhujhv wr lq�qlw|

dqg wkh vhw ri phdq0YdU h!flhqw sruwirolrv frqyhujhv wr wkh hpsw| vhw dv | & xE
s
(*���

Wkh �uvw uhvxow ri Fruroodu| 8/ wkdw wkh h{shfwhg udwh ri uhwxuq ri wkh plqlpxp YdU

sruwirolr frqyhujhv wr lq�qlw| zkhq wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhuplqhg frqyhujhv

wr xE
s
(*��/ vkrzv wkdw wkh phdq h�hfw ghwhuplqhv wkh vroxwlrq ri YdU plqlpl}dwlrq

sureohp iru vpdoo frq�ghqfh ohyhov1 Wkdw lv/ zh pd| ghfuhdvh YdU wkurxjk dq lqfuhdvh lq

wkh h{shfwhg udwh ri uhwxuq dorqj wkh phdq0yduldqfh h!flhqw iurqwlhu zkhq wkh frq�ghqfh
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ohyho dw zklfk YdU lv ghwhuplqhg lv vpdoo vlqfh wkh phdq h�hfw grplqdwhv wkh vwdqgdug

ghyldwlrq h�hfw1

Hpehgglqj YdU dv d frqvwudlqw lq dq h{shfwhg xwlolw| pd{lpl}dwlrq iudphzrun/ Edvdn

dqg Vkdslur +4<<<, vkrz wkdw djhqwv wkdw xvh YdU wr pdqdjh ulvn riwhq fkrrvh wr kdyh

d odujhu h{srvxuh wr ulvn| dvvhwv wkdq djhqwv wkdw gr qrw pdqdjh ulvn1 Wkh �uvw uhvxow ri

Fruroodu| 8 vd|v wkdw djhqwv wkdw plqlpl}h YdU dw uhodwlyho| vpdoo frq�ghqfh ohyhov zloo

fkrrvh sruwirolrv zlwk odujh h{shfwhg udwhv ri uhwxuq dqg/ wkhuhiruh/ duh h{srvhg wr yhu| kljk

ohyhov ri ulvn dv phdvxuhg e| vwdqgdug ghyldwlrq1

Wkh vhfrqg uhvxow ri Fruroodu| 8 vd|v wkdw xvlqj YdU dw d vpdoo frq�ghqfh ohyho uhgxfhv

wkh vhw ri phdq0YdU h!flhqw sruwirolrv lq wkh hfrqrp| dqg lw pd| suhfoxgh wkhlu h{lvwhqfh1

515171 D Fkdudfwhul}dwlrq ri Phdq0Yduldqfh H!flhqf| Xvlqj wkh Plqlpxp YdU Sruwirolr

Xvlqj rxu uhvxowv derxw wkh plqlpxp YdU sruwirolr/ zh kdyh wkh iroorzlqj lqwhuhvwlqj

fkdudfwhul}dwlrq ri wkh phdq0yduldqfh h!flhqw iurqwlhu1

Sursrvlwlrq 61 D sruwirolr � 5 ` q i6
j
j ehorqjv wr wkh phdq0yduldqfh h!flhqw iurqwlhu li

dqg rqo| li � lv wkh plqlpxp YdU sruwirolr iru wkh frq�ghqfh ohyho jlyhq e|=

x

#v
(*� n

(2*��

E.do�o��*��2

$
�

Sursrvlwlrq 6 vd|v wkdw dq| phdq0yduldqfh h!flhqw sruwirolr rwkhu wkdq wkh plqlpxp

yduldqfh sruwirolr joredoo| plqlpl}hv YdU iru vrph frq�ghqfh ohyho1 Xvlqj Sursrvlwlrqv 406/

qrwh wkdw dq| phdq0yduldqfh h!flhqw sruwirolr � 5 ` q i6
j
j lv phdq0YdU lqh!flhqw +h!0

flhqw, dw dq| frq�ghqfh ohyho orzhu wkdq +juhdwhu wkdq ru htxdo wr, x
�t

(*� n
(2*��

E.do� o3�*��2

�
1

5161 Dgglqj d Ulvniuhh Vhfxulw|

Rxu suhylrxv dqdo|vlv ri wkh phdq0YdU erxqgdu| dvvxphv wkdw qr ulvniuhh vhfxulw| h{lvwv

lq wkh hfrqrp|1 Vxssrvh qrz wkdw wkhuh duh ? ulvn| vhfxulwlhv dqg d ulvniuhh vhfxulw| zlwk
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udwh ri uhwxuq os : f1 Ohw `s � i� 5 U?n� G
S

?n�

�'� �� ' �jc zkhuh �?n� lv wkh sursruwlrq ri

zhdowk lqyhvwhg lq wkh ulvniuhh vhfxulw|1 Wkhq/ � 5 `s ehorqjv wr wkh phdq0YdU erxqgdu|

dw wkh �ff|I frq�ghqfh ohyho li dqg rqo| li/ iru vrph . 5 U/ � vroyhv=

4�?
�M`s

|Wjdo�o� .do�o +46,

r�|� .do�o ' .� +47,

Xvlqj htxdwlrq +47, lq wkh plqlpl}dwlrq sureohp +46, dqg qrwlqj wkdw |W : f/ d sruwirolr

ehorqjv wr wkh phdq0YdU erxqgdu| li dqg rqo| li lw ehorqjv wr wkh phdq0yduldqfh erxqgdu|1

Phuwrq vkrzhg wkdw zkhq d ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|/ d sruwirolr � 5 `s

ehorqjv wr wkh phdq0yduldqfh erxqgdu| li dqg rqo| li

j2do�o ' E.do�o� os�
2*Mc +48,

zkhuh M lv d srvlwlyh frqvwdqw gh�qhg e| M ' �o2
s
� 2�os n�� Dffruglqjo|/ d sruwirolr �

5 `s ehorqjv wr wkh phdq0YdU erxqgdu| li dqg rqo| li

dET d|c o�o n .do�o�*|
Wo
2
' E.do�o� os �

2*M� +49,

Uhduudqjlqj htxdwlrq +49,/ zh rewdlq

T d|c o�o '

;A?
A=

.do� oE|
W3
I
M�3|WosI

M
li .do�o � os

.do� oE3|W3
I
M�n|WosI

M
li .do�o 	 os c

+4:,

l1h1/ wkh wzr olqhv wkdw fkdudfwhul}h wkh uhodwlrq ehwzhhq YdU dqg h{shfwhg udwh ri uhwxuq

iru phdq0YdU erxqgdu| sruwirolrv1 Qrwh/ krzhyhu/ wkdw wkh devroxwh ydoxh ri wkh vorshv ri

wkhvh wzr olqhv gl�hu1 Wklv frqwudvwv zlwk wkh phdq0yduldqfh fdvh zkhuh wkh devroxwh ydoxh

ri wkh vorshv ri wkh wzr olqhv wkdw fkdudfwhul}h wkh uhodwlrq ehwzhhq h{shfwhg udwh ri uhwxuq

dqg vwdqgdug ghyldwlrq ri wkh udwh ri uhwxuq frlqflgh ^vhh Kxdqj dqg Olw}hqehujhu +4<;;/ ss1

:90;3,`1 Iljxuhv 6+d, dqg 6+e, looxvwudwh wkh orfdwlrq ri wkh phdq0vwdqgdug ghyldwlrq dqg

phdq0YdU erxqgdulhv/ uhvshfwlyho|/ zkhq wkhuh lv d ulvniuhh vhfxulw| lq wkh hfrqrp|1

Zh qrz fkdudfwhul}h phdq0YdU h!flhqf| zkhq d ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|1
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Sursrvlwlrq 71 +l, Li | : xE
s
M�/ wkhq d sruwirolr ehorqjv wr wkh phdq0YdU h!flhqw iurqwlhu

dw wkdw frq�ghqfh ohyho li dqg rqo| li lw ehorqjv wr wkh phdq0yduldqfh h!flhqw iurqwlhu1 +ll,

Li | � xE
s
M�c wkhq qr phdq0YdU h!flhqw sruwirolr h{lvwv dw wkdw frq�ghqfh ohyho1

Li d ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp| dqg YdU lv frpsxwhg dw d vx!flhqwo| odujh

frq�ghqfh ohyho/ wkhq wkh phdq0YdU h!flhqw iurqwlhu frlqflghv zlwk wkh phdq0yduldqfh h!0

flhqw iurqwlhu1 Wklv frqwudvwv zlwk wkh fdvh zkhq qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|

dqg wkh phdq0YdU h!flhqw iurqwlhu lv d surshu vxevhw ri wkh phdq0yduldqfh h!flhqw iurqwlhu1

Xvlqj htxdwlrq +4:, dqg Sursrvlwlrq 7/ qrwh wkdw wkh plqlpxp YdU sruwirolr dw wkh

�ff|I frq�ghqfh ohyho h{lvwv li dqg rqo| li | : xE
s
M�� Li | : xE

s
M�c wkhq wkh plqlpxp

YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho lv wkh ulvniuhh vhfxulw| ^vhh Iljxuh 6+e,`1

Lw fdq eh vkrzq wkdw M � (*�c dqg wkdw M : (*� li dqg rqo| li os 9' �*���. Khqfh/

jlyhq d �{hg frq�ghqfh ohyho lw lv hdvlhu wr rewdlq dq hpsw| phdq0YdU h!flhqw vhw zkhq

wkhuh lv d ulvniuhh vhfxulw| lq wkh hfrqrp|1 Lq sduwlfxodu/ liM : (*�c wkhq iru dq| frq�ghqfh

ohyho | 5 ExE
s
(*��c xE

s
M��c wkh phdq0YdU h!flhqw vhw lv hpsw| li wkh ulvniuhh vhfxulw| lv

frqvlghuhg hyhq wkrxjk lw lv qrw hpsw| lq wkh devhqfh ri wkh ulvniuhh vhfxulw|1

61 YdU dqg Qrq0Qrupdolw|

Zh qrz h{dplqh d jhqhudol}dwlrq ri rxu uhvxowv wr wkh fdvh ri qrq0qrupdolw|1�H Zh qrwh

wkdw rxu uhvxowv fdq hdvlo| eh h{whqghg wr wkh fdvh ri pxowlyduldwh w0glvwulexwhg udwhv ri

uhwxuq +wklv doorzv vhfxulw| udwhv ri uhwxuq wr kdyh cidw wdlov*,1�b Zh wkhq vkrz wkdw zkhq

qr glvwulexwlrqdo dvvxpswlrq lv pdgh +wklv doorzv vhfxulw| udwhv ri uhwxuq wr kdyh cidw wdlov/*

vnhzqhvv/ ru erwk,/ rxu uhvxowv vwloo krog iurp wkh shuvshfwlyh ri d Fkhe|vkhy xsshu erxqg

rq YdU1

6141 w0Glvwulexwhg Udwhv ri Uhwxuqv

Dvvxph wkdw wkh udwhv ri uhwxuq ri ? ulvn| vhfxulwlhv kdyh d pxowlyduldwh w0glvwulexwlrq/

ghqrwhg e| �?E>clc ��c zkhuh > 5 U? lv wkh yhfwru ri h{shfwhg udwhv ri uhwxuq/ l lv wkh E?�?�
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vfdoh pdwul{/ dqg � : 2 lv wkh qxpehu ri ghjuhhv ri iuhhgrp1 Wkhq/ wkh yduldqfh0fryduldqfh

pdwul{ ri wkh udwhv ri uhwxuq lv P � d�*E� � 2�ol1

Iru dq| | 5 E�*2c��c ohw |WE�� 5 Efc4� eh vxfk wkdw 8�E�|WE��� ' �� |c zkhuh 8�E�� lv wkh

fxpxodwlyh glvwulexwlrq ixqfwlrq ri d Vwxghqw w0glvwulexwlrq zlwk � : 2 ghjuhhv ri iuhhgrp1

Qrwh wkdw li ~ � �?E>clc ��c wkhq @�~ � � �E@
�>c @�l@c �� iru hyhu| @ 5 U?� Khqfh/ iru dq|

sruwirolr � 5 `c zh kdyh o� � � �E�
�>c��l�c ��c dqg T d|c o�c �oc sruwirolr �*v YdU/ lv

T d|c o�c �o ' |WE��dE� � 2�*�o�*2jdo�o� .do�o�

Wkdw lv/ iru d �{hg �c sruwirolr �*v YdU lv d olqhdu ixqfwlrq ri jdo�o dqg .do�o1 Wkhuhiruh/ rxu

suhylrxv uhvxowv vwloo krog li udwhv ri uhwxuq kdyh d pxowlyduldwh w0glvwulexwlrq/ dqg T d|c o�c �o

dqg |WE��dE� � 2�*�o�*2 duh xvhg lqvwhdg ri T d|c o�o dqg |W/ uhvshfwlyho|1

6151 YdU dqg Fkhe|vkhy*v Lqhtxdolw|

Dqdo|wlfdo uhvxowv lqyroylqj YdU vhhp lpsuredeoh xqghu rwkhu jhqhudo glvwulexwlrqdo dv0

vxpswlrqv1 Krzhyhu/ xvlqj Fkhe|vkhy*v lqhtxdolw| ^vhh/ iru h{dpsoh/ Iulvwhgw dqg Jud|

+4<<:/ ss1 95,`/ d jhqhudo vwdwhphqw fdq eh pdgh zkhq erwk wkh �uvw dqg vhfrqg prphqwv

ri wkh glvwulexwlrq ri vhfxulw| udwhv ri uhwxuq duh �qlwh1 Fkhe|vkhy*v lqhtxdolw| vd|v wkdw

�im%� .d%om � &j � Ejd%o*&�2 +4;,

iru dq| udqgrp yduldeoh % zlwk �qlwh phdq .d%o dqg vwdqgdug ghyldwlrq jd%oc dqg dq|

& 5 Unn� Ohw � 5 ` eh d sruwirolr1 Xvlqj htxdwlrq +4;, zlwk % ' o� dqg & ' |Wjdo�oc

�imo� � .do�om � |Wjdo�oj � E�*|W�2� +4<,

Xvlqj htxdwlrq +4<,/ zh kdyh �io� � �|Wjdo�o n .do�oj � E�*|W�2 ru/ htxlydohqwo|/

T d� � E�*|W�2c o�o � |Wjdo�o� .do�o� +53,

Khqfh/ Fkhe|vkhy*v lqhtxdolw| surylghv dq xvhixo xsshu erxqg rq YdU zkhq qr glvwulex0

wlrqdo dvvxpswlrq lv lpsrvhg1 Iru h{dpsoh/ wkh Fkhe|vkhy xsshu erxqg rq T d�bDc o�o lv

e�e.2�jdo�o� .do�o/ zkhuhdv xqghu qrupdolw| T d�bDc o�o ' ��Seebjdo�o� .do�o�
2f
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Htxdwlrq +53, fdq dovr eh xvhg wr h{whqg rxu suhylrxv uhvxowv wr wkh fdvh zkhq qr glv0

wulexwlrqdo dvvxpswlrq lv pdgh1 Iru h{dpsoh/ rxu fkdudfwhul}dwlrq ri wkh YdU plqlpl}dwlrq

sureohp lghqwl�hv wkh sruwirolr wkdw joredoo| plqlpl}hv wkh Fkhe|vkhy xsshu erxqg rq YdU

dprqj doo ihdvleoh sruwirolrv1 Pruhryhu/ lw vkrzv wkdw rqh pxvw eh fduhixo lq fkrrvlqj d

frq�ghqfh ohyho wr frpsxwh YdU vr wkdw xsshu erxqgv rq YdU h{lvw1 Wklv uhvxow lv vlplodu

wr wkh rqh wkdw zdv ghulyhg xqghu qrupdolw|1 Li rqh fkrrvhv d vx!flhqwo| vpdoo frq�ghqfh

ohyho/ wkhq plqlpl}lqj YdU lv qrw dq rewdlqdeoh remhfwlyh vlqfh wkh sureohp ri plqlpl}lqj

wkh Fkhe|vkhy xsshu erxqg rq YdU grhv qrw kdyh d vroxwlrq1

71 H{shfwhg Xwlolw| dqg YdU

Zh qrz vkrz wkdw/ dw ohdvw dv dq dssur{lpdwlrq/ wkh phdq0YdU iudphzrun h{dplqhg

lq wklv sdshu dulvhv qdwxudoo| iurp wkh sruwirolr fkrlfh sureohp ri d ulvn0dyhuvh djhqw zkr

pd{lpl}hv h{shfwhg xwlolw|1 Zh ehjlq e| dgguhvvlqj wkh fdvh zkhq vhfxulw| udwhv ri uhwxuq

kdyh hlwkhu d pxowlyduldwh qrupdo ru w0glvwulexwlrq1 Wkhq/ zh frqvlghu wkh jhqhudo fdvh zkhq

qr glvwulexwlrqdo dvvxpswlrq lv pdgh1

7141 Qrupdoo| ru w0Glvwulexwhg Udwhv ri Uhwxuq

Jlyhq d frq�ghqfh ohyho dqg duelwudu| suhihuhqfhv ryhu zhdowk/ wkh phdq0YdU prgho

fdq eh prwlydwhg zlwk wkh dvvxpswlrq ri pxowlyduldwh qrupdoo| ru w0glvwulexwhg udwhv ri

uhwxuq1 Wkh uhdvrq lv wkdw xqghu wkhvh dvvxpswlrqv/ wkh udwh ri uhwxuq ri dq| sruwirolr fdq

eh frpsohwho| ghvfulehg e| lwv phdq dqg YdU iru d �{hg frq�ghqfh ohyho1

7151 Jhqhudo Fdvh

Zh qrz frqvlghu wkh jhqhudo fdvh zkhq qr dvvxpswlrq lv lpsrvhg rq wkh glvwulexwlrq ri

vhfxulw| udwhv ri uhwxuq rwkhu wkdq lwv �uvw dqg vhfrqg prphqwv duh �qlwh1 Vxssrvh wkdw dq

djhqw kdv d vwulfwo| lqfuhdvlqj yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq � G Un $ U wkdw

glvsod|v qrq0lqfuhdvlqj devroxwh ulvn dyhuvlrq12� Zlwkrxw orvv ri jhqhudolw|/ zh qrupdol}h wkh
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djhqw*v zhdowk dw wlph f wr eh htxdo wr �1 Wkh djhqw*v sruwirolr fkrlfh sureohp lv=

4@ 
�M`

.d� E� n o��o

r�|� o� � ���

Ohy| dqg Pdunrzlw} +4<:<, sursrvhg wkh iroorzlqj dssur{lpdwlrq wr h{shfwhg xwlolw|

.d� E� n o��o � s E.do�oc jdo�oc &�c +54,

zkhuh & : f dqg s G U�Un � Unn $ U lv gh�qhg e|

sE.c jc &� ' �E� n .� n
�E� n . n &j� n �E� n . � &j�� 2�E� n .�

2&2
+55,

iru hyhu| E.c jc &� 5 U�Un � Unn� Vlqfh qhjdwlyh frqvxpswlrq lv suhfoxghg/ xvlqj htxdwlrq

+55, dv dq dssur{lpdwlrq wr h{shfwhg xwlolw| iru d jlyhq & : f uhtxluhv wkh sruwirolr vhw wr eh

uhvwulfwhg wr rqo| lqfoxgh sruwirolrv � vdwlvi|lqj .do�o� &jdo�o : ��1 Xvlqj vhyhudo xwlolw|

ixqfwlrqv/ Ohy| dqg Pdunrzlw} suhvhqwhg hylghqfh vkrzlqj wkdw wkh dssur{lpdwlrq jlyhq e|

htxdwlrq +55, lv dffxudwh1

Ohw T � &j � .� Xvlqj htxdwlrq +55,/ zh rewdlq

s E.c jc &� ' �E� n .� n
�E� n 2. n T � n �E�� T �� 2�E� n .�

2&2

� }E.c Tc &��

Qrwh wkdw li & � �c wkhq Y}E.c Tc &�*Y. : f� Pruhryhu/

Y}E.c Tc &�

YT
'
��E� n 2. n T �� ��E� � T �

2&2
	 f +56,

vlqfh 2.nT : �T dqg ���E�� 	 f� Wkhuhiruh/ dq| sruwirolr wkdw lv d vroxwlrq wr wkh sureohp

ri pd{lpl}lqj dssur{lpdwh h{shfwhg xwlolw|/ dv jlyhq e| htxdwlrq +55,/ lv h!flhqw dffruglqj

wr d E.c&j�.� fulwhuld/ zkhuh & � �� Frqvhtxhqwo|/ dvvxplqj wkdw wkh dssur{lpdwlrq jlyhq

e| htxdwlrq +55, lv dffxudwh dv dwwhvwhg e| Ohy| dqg Pdunrzlw}/ rxu uhvxowv lq d phdq0YdU

iudphzrun dovr krog lq hfrqrplf hqylurqphqwv zkhuh wkh dvvxpswlrqv ri qrupdoo| ru w0

glvwulexwhg udwhv ri uhwxuq duh qrw pdgh1 Pruh suhflvho|/ jlyhq wkh lqwhusuhwdwlrq ri wkh
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sdudphwhu |Wj �. h{sodlqhg lq Vxevhfwlrq 6151/ d �phdq0Fkhe|vkhy xsshu erxqg rq YdU�

iudphzrun dulvhv/ dw ohdvw dv dq dssur{lpdwlrq/ iurp wkh sruwirolr fkrlfh sureohp ri d ulvn0

dyhuvh djhqw zkr pd{lpl}hv h{shfwhg xwlolw|1

81 Hfrqrplf Lpsolfdwlrqv ri d Phdq0YdU Iudphzrun

Zh qrz h{dplqh wkh hfrqrplf lpsolfdwlrqv dulvlqj iurp xvlqj d phdq0YdU iudphzrun122

Vlqfh lq sudfwlfh YdU kdv ehfrph d vwdqgdug wrro iru frqwuroolqj ulvn/ d qdwxudo dssurdfk lv

wr dvvxph wkdw dq djhqw/ suhylrxvo| zlwk phdq0yduldqfh suhihuhqfhv/ ehjlqv wr xvh YdU dv

wkh uhohydqw phdvxuh ri ulvn/ hlwkhu e| uhjxodwlrq ru e| fkrlfh12� Zh vwxg| wkh lpsolfdwlrqv

ri d phdq0YdU iudphzrun erwk lq dq djhqw*v sruwirolr fkrlfh sureohp dqg lq htxloleulxp

sulfhv1

8141 Sruwirolr Fkrlfh Sureohp

814141 Rswlpdo Sruwirolr Dffruglqj wr d Phdq0YdU Fulwhuld

Krz grhv dq djhqw*v rswlpdo sruwirolr fkdqjh zkhq kh ru vkh/ suhylrxvo| kdylqj phdq0

yduldqfh suhihuhqfhv/ ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvnB Lqwhuhvwlqjo|/ zh

vkrz wkdw wkh fkdqjh lq dq djhqw*v ulvn h{srvxuh ghshqgv xsrq klv ru khu ghjuhh ri ulvn

dyhuvlrq dqg zkhwkhu d ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|1 Wkurxjkrxw/ e| wkh fkdqjh

lq dq djhqw*v ulvn h{srvxuh zh phdq wkh gl�huhqfh ehwzhhq wkh vwdqgdug ghyldwlrq ri wkh

djhqw*v rswlpdo sruwirolr dffruglqj wr d phdq0YdU fulwhuld dqg wkh vwdqgdug ghyldwlrq ri wkh

djhqw*v rswlpdo sruwirolr dffruglqj wr d phdq0yduldqfh fulwhuld1 Ixuwkhupruh/ zh dvvxph wkdw

wkh djhqw ghflghv wr xvh YdU dw d frq�ghqfh ohyho vxfk wkdw wkh plqlpxp YdU sruwirolr

h{lvwv dw wkdw frq�ghqfh ohyho +li wklv dvvxpswlrq lv qrw pdgh/ wkhq wkh djhqw*v sruwirolr

fkrlfh sureohp grhv qrw kdyh d vroxwlrq,1

Dvvxph wkdw qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|1 Iluvw/ zh frqvlghu wkh fdvh ri d

kljko| ulvn0dyhuvh djhqw1 Vlqfh wkh djhqw lv kljko|0ulvn dyhuvh/ dffruglqj wr d phdq0yduldqfh

fulwhuld/ klv ru khu rswlpdo sruwirolr olhv rq wkh phdq0yduldqfh h!flhqw iurqwlhu uhodwlyho| forvh
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wr wkh plqlpxp yduldqfh sruwirolr1 Khqfh/ xqohvv wkh frq�ghqfh ohyho dw zklfk wkh djhqw

ghwhuplqhv YdU lv h{wuhpho| kljkc klv ru khu rswlpdo sruwirolr dffruglqj wr d phdq0yduldqfh

fulwhuld lv phdq0YdU lqh!flhqw ^vhh Iljxuhv 4+d, dqg 4+e,`1 Khqfh/ wkh djhqw*v rswlpdo

sruwirolr dffruglqj wr d phdq0YdU fulwhuld olhv rq wkh phdq0yduldqfh h!flhqw iurqwlhu deryh

wkh djhqw*v rswlpdo sruwirolr dffruglqj wr d phdq0yduldqfh fulwhuld1 Frqvhtxhqwo|/ wkh djhqw*v

ulvn h{srvxuh lqfuhdvhv li kh ru vkh ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn12e

Vhfrqg/ zh frqvlghu wkh fdvh ri d voljkwo| ulvn0dyhuvh djhqw1 Lq frqwudvw wr wkh suhylrxv

fdvh/ wkh djhqw*v rswlpdo sruwirolr dffruglqj wr d phdq0yduldqfh fulwhuld lv phdq0YdU h!flhqw

hyhq dw d uhodwlyho| vpdoo frq�ghqfh ohyho1 Frqvhtxhqwo|/ d voljkwo| ulvn0dyhuvh djhqw zkr

ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn pd| fkrrvh d sruwirolr wkdw frlqflghv

zlwk klv ru khu rswlpdo sruwirolr dffruglqj wr d phdq0yduldqfh fulwhuld1 Ghshqglqj xsrq

wkh vshfl�fdwlrq ri wkh djhqw*v +phdq0YdU dqg phdq0yduldqfh, suhihuhqfhv/ wkh djhqw*v ulvn

h{srvxuh pd| ghfuhdvh/ uhpdlq frqvwdqw/ ru lqfuhdvh12D

Vxssrvh qrz wkdw wkhuh lv d ulvniuhh vhfxulw| lq wkh hfrqrp|1 Ghshqglqj xsrq wkh

frq�ghqfh ohyho dw zklfk YdU lv frpsxwhg/ lw iroorzv iurp Sursrvlwlrq 7 wkdw wkh phdq0YdU

h!flhqw iurqwlhu lv hlwkhu hpsw| ru lw frlqflghv zlwk wkh phdq0yduldqfh h!flhqw iurqwlhu1 Li

wkh frq�ghqfh ohyho lv fkrvhq vr wkdw wkh phdq0YdU h!flhqw iurqwlhu lv qrq0hpsw|/ wkhq/

ghshqglqj xsrq wkh vshfl�fdwlrq ri wkh djhqw*v +phdq0YdU dqg phdq0yduldqfh, suhihuhqfhv/

wkh djhqw*v ulvn h{srvxuh pd| ghfuhdvh/ uhpdlq frqvwdqw/ ru lqfuhdvh1

81415 D Orzhu Erxqg rq wkh Fkdqjh lq dq Djhqw*v Ulvn H{srvxuh

Zh kdyh vkrzq wkdw zkhq qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|/ d kljko| ulvn0dyhuvh

djhqw/ suhylrxvo| kdylqj phdq0yduldqfh suhihuhqfhv/ zloo lqfuhdvh klv ru khu ulvn h{srvxuh li

kh ru vkh ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn1 Zh qrz surylgh d orzhu erxqg

rq wkh fkdqjh lq dq djhqw*v ulvn h{srvxuh dulvlqj iurp wkh ghflvlrq wr xvh YdU lqvwhdg ri

vwdqgdug ghyldwlrq1

Iru vlpsolflw|/ zh frqvlghu dq djhqw zlwk phdq0yduldqfh suhihuhqfhv uhsuhvhqwhg e| wkh
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xwlolw| ixqfwlrq L G U� Un $ U gh�qhg e|

LE.c j� ' . �
�

2
@j2c ;E.c j� 5 U� Unc +57,

zkhuh @ : f� Xvlqj htxdwlrq +57,/ wkh djhqw*v rswlpdo sruwirolr lv phdq0yduldqfh h!flhqw1

Vlqfh dorqj wkh phdq0yduldqfh h!flhqw iurqwlhu . ' �*�n
s
E(*�� Ej2 � �*��c d qhfhvvdu|

dqg vx!flhqw frqglwlrq iru j wr eh wkh djhqw*v rswlpdo ohyho ri vwdqgdug ghyldwlrq lv=

Y

k
�*� n

s
E(*�� Ej2 � �*��

l
Yj

' @j� +58,

Lw iroorzv iurp htxdwlrq +58, wkdw wkh djhqw*v rswlpdo sruwirolr kdv

j '
s
E� n(*@2�*�� +59,

Lq wkh Dsshqgl{/ zh vkrz wkdw li | : xE
s
(*��/ wkhq jdo6|

o : j li dqg rqo| li | 	

xE
s
@2*� n(*���

Vxssrvh wkdw dq djhqw fkrrvhv d frq�ghqfh ohyho | 5 ExE
s
(*��cxE

s
@2*� n(*����

Vlqfh wkh djhqw*v rswlpdo sruwirolr dffruglqj wr d phdq0YdU fulwhuld olhv rq wkh phdq0YdU

h!flhqw iurqwlhu/ jdo6|
o�j lv d orzhu erxqg rq wkh fkdqjh ri dq djhqw*v ulvn h{srvxuh dulvlqj

iurp klv ru khu ghflvlrq wr xvh YdU dw wkh �ff|I frq�ghqfh ohyho dv wkh uhohydqw phdvxuh

ri ulvn1 Wklv orzhu erxqg lv xvhixo vlqfh lw grhv qrw ghshqg rq d sduwlfxodu vshfl�fdwlrq iru

dq djhqw*v phdq0YdU suhihuhqfhv rwkhu wkdq wkh frq�ghqfh ohyho dw zklfk kh ru vkh ghflghv

wr frpsxwh YdU1 Li wkh djhqw ghflghv wr plqlpl}h YdU dw wkh �ff|I frq�ghqfh ohyho/ wkhq

jdo6|
o � j lv d suhflvh phdvxuh ri wkh fkdqjh ri dq djhqw*v ulvn h{srvxuh1 Qrwh wkdw d

qhfhvvdu| exw qrw vx!flhqw frqglwlrq iru dq djhqw ghfuhdvlqj klv ru khu ulvn h{srvxuh lv wkdw

jdo6|
o � j 	 f1 D ixuwkhu dvvxpswlrq rq wkh djhqw*v phdq0YdU suhihuhqfhv lv qhhghg wr

suhflvho| txdqwli| wkh fkdqjh lq klv ru khu ulvn h{srvxuh1

Dvvxplqj wkh gdwd xvhg lq Iljxuh 4/ Wdeoh 4 uhsruwv jdo6|
o� j iru vhyhudo ydoxhv ri wkh

sdudphwhuv | dqg @� Iru d voljkwo| ulvn0dyhuvh djhqw E@ ' ��/ wkh orzhu erxqg rq wkh fkdqjh

ri klv ru khu ulvn h{srvxuh lv qhjdwlyh1 Iru d prghudwho| ulvn0dyhuvh djhqw E@ ' Dc �f�c wkh

ghflvlrq wr plqlpl}h YdU dw d uhodwlyho| vpdoo +odujh, frq�ghqfh ohyho lpsolhv wkdw kh ru
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vkh zloo lqfuhdvh +ghfuhdvh, klv ulvn h{srvxuh1 Iru d kljko| ulvn0dyhuvh djhqw E@ ' 2D�/ wkh

ghflvlrq wr xvh YdU hyhq dw d uhodwlyho| kljk frq�ghqfh ohyho EbbI� lpsolhv wkdw klv ru khu

ulvn h{srvxuh zloo lqfuhdvh1 Ilqdoo|/ iru dq lq�qlwho| ulvn0dyhuvh djhqw E@ '4�c wkh ghflvlrq

wr xvh YdU +zkhq | 	 �, zloo lqfuhdvh klv ru khu ulvn h{srvxuh1

814161 Frq�ghqfh Ohyho Lpsolhg e| Phdq0Yduldqfh Rswlpdo Sruwirolrv

Vxssrvh wkdw dq djhqw/ suhylrxvo| kdylqj wkh xwlolw| ixqfwlrq jlyhq e| htxdwlrq +57,/ qrz

kdv phdq0YdU suhihuhqfhv uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq L G U� U$ U gh�qhg e|

L E.c T � ' . �
�

2
KT 2c ;E.c T � 5 U� Uc +5:,

zkhuh K : f dqg YdU lv frpsxwhg dw d �{hg frq�ghqfh ohyho |1

Dvvxplqj wkh gdwd xvhg lq Iljxuh 4/ Wdeoh 5 uhsruwv wkh ydoxhv ri wkh frq�ghqfh ohyho

vr wkdw wkh djhqw*v rswlpdo sruwirolr lq d phdq0YdU iudphzrun frlqflghv zlwk klv ru khu

rswlpdo sruwirolr lq d phdq0yduldqfh iudphzrun1 Uhvxowv duh uhsruwhg iru vhyhudo ydoxhv ri

wkh sdudphwhuv @ dqg K� Wkrvh ydoxhv dovr kdyh wkh iroorzlqj lqwhusuhwdwlrq1 Jlyhq @ dqg K/ li

dq djhqw fkrrvhv wr ghwhuplqh YdU dw d frq�ghqfh ohyho vpdoohu +odujhu, wkdq wkh frq�ghqfh

ohyho uhsruwhg lq Wdeoh 5/ wkhq wkh djhqw*v ghflvlrq wr xvh YdU dv wkh uhohydqw phdvxuh ri

ulvn zloo lqfuhdvh +ghfuhdvh, klv ru khu ulvn h{srvxuh1

8151 Htxloleulxp

81514 Vhfxulw| Sulfhv

Zkdw kdsshqv wr htxloleulxp vhfxulw| sulfhv li dq djhqw xvhv YdU dv wkh uhohydqw phdvxuh

ri ulvn dw d jlyhq frq�ghqfh ohyhoB Fohduo|/ jlyhq vhfxulw| sulfhv/ li wkh phdq0YdU h!flhqw

vhw lv hpsw| dw wkdw frq�ghqfh ohyho/ wkhq wkh djhqw*v sruwirolr fkrlfh sureohp grhv qrw

kdyh d vroxwlrq1 Wkhuhiruh/ lq htxloleulxp/ wkh phdq0YdU h!flhqw vhw pxvw eh qrq0hpsw|

iru wkh djhqw zkr frqvlghuv wkh vpdoohvw frq�ghqfh ohyho lq wkh frpsxwdwlrq ri YdU1 Khqfh/

htxloleulxp vhfxulw| sulfhv zkhq djhqwv xvh YdU dv wkh uhohydqw phdvxuh ri ulvn pd| eh gl�hu

iurp htxloleulxp vhfxulw| sulfhv zkhq djhqwv kdyh phdq0yduldqfh suhihuhqfhv12S
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81515 Htxloleulxp xqghu Qrupdolw| dqg Phdq0YdU Suhihuhqfhv

Zh qrz vkrz wkdw wkh FDSP krogv zkhq vhfxulw| udwhv ri uhwxuq kdyh d pxowlyduldwh

qrupdo glvwulexwlrq dqg djhqwv kdyh phdq0YdU suhihuhqfhv1 Zh wkhq rewdlq wkh uhodwlrq

ehwzhhq h{shfwhg udwh ri uhwxuq dqg YdU lq htxloleulxp1 Wkhq zh gh�qh wkh uhzdug0wr0YdU

udwlr/ l1h1/ wkh sulfh ri YdU1 Ilqdoo|/ zh ghulyh wkh Fdslwdo Pdunhw Olqh lq phdq0YdU vsdfh1

Ohw L G U�U$ U eh d phdq0YdU xwlolw| ixqfwlrq vwulfwo| lqfuhdvlqj lq h{shfwhg udwh ri

uhwxuq dqg vwulfwo| ghfuhdvlqj lq YdU1 Revhuyh wkdw li vhfxulw| udwhv ri uhwxuq duh pxowlyduldwh

qrupdoo| glvwulexwhg/ wkhq iru dq| j 5 Unc

L E.2c |
Wj � .2� : LE.�c |

Wj � .��c ;.2 : .�c +5;,

dqg/ iru dq| . 5 Uc

LE.c |Wj2 � .� 	 LE.c |Wj� � .�c ;j2 : j�� +5<,

Wkhuhiruh/ L lv vwulfwo| lqfuhdvlqj lq h{shfwhg udwh ri uhwxuq dqg vwulfwo| ghfuhdvlqj lq vwdq0

gdug ghyldwlrq1 Khqfh/ li= +4, djhqwv kdyh phdq0YdU suhihuhqfhv/ +5, wkh ulvniuhh vhfxulw|

h{lvwv/ dqg +6, wkh udwhv ri uhwxuq ri wkh ulvn| vhfxulwlhv kdyh d pxowlyduldwh qrupdo glvwulex0

wlrq/ wkhq wkh FDSP uhvxow krogv lq htxloleulxp1 Xvlqj Sursrvlwlrq 7/ htxloleulxp vhfxulw|

sulfhv duh vxfk wkdw xE
s
M� lv vpdoohu wkdq wkh frq�ghqfh ohyho dw zklfk hyhu| djhqw frp0

sxwhv YdU1 Qrwh wkdw wkh FDSP uhvxow dovr krogv lq htxloleulxp lq dq hfrqrp| zkhuh vrph

djhqwv kdyh phdq0yduldqfh suhihuhqfhv dqg rwkhuv kdyh phdq0YdU suhihuhqfhv1

Sursrvlwlrq 81 Lq htxloleulxp/ wkh uhodwlrq ehwzhhq h{shfwhg udwh ri uhwxuq dqg YdU ri h!flhqw

sruwirolrv lv jlyhq e|

.doRo ' os

�
T d|c o� o n .do� o

T d|c o� o n os

�
n

�
.do� o� os

T d|c o� o n os

�
T d|c oRoc ; T d|c oRo � �os � +63,

Lw iroorzv iurp Sursrvlwlrq 8 wkdw lq htxloleulxp wkhuh lv d olqhdu uhodwlrq ehwzhhq h{0

shfwhg udwh ri uhwxuq dqg YdU iru h!flhqw sruwirolrv1 Xvlqj htxdwlrq +63, dqg dvvxplqj
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wkdw T d|c o� o : �os / qrwh wkdw wkh lqwhufhsw ri wkh fdslwdo pdunhw olqh lq phdq0YdU vsdfh

lv deryh os vlqfh lq htxloleulxp .do� o : os �

Gh�qlqj wkh YdU ri d ulvniuhh sruwirolr dw dq| frq�ghqfh ohyho wr eh plqxv lwv udwh ri

uhwxuq/2. lw iroorzv iurp htxdwlrq +63, wkdw

.doRo ' os

�
T d|c o� o n .do� o

T d|c o� o� T d|c os o

�
n

�
.do� o� os

T d|c o� o� T d|c os o

�
T d|c oRo� +64,

Xvlqj htxdwlrq +64,/ wkh pdunhw sulfh ri ulvn dv phdvxuhg e| YdU +l1h1/ wkh dgglwlrqdo h{0

shfwhg udwh uhwxuq wkdw dq djhqw uhtxluhv iru hdfk dgglwlrqdo xqlw ri YdU wkdw kh ru vkh

ehduv, lv jlyhq e| wkh uhzdug0wr0YdU udwlr E.do� o � os�*ET d|c o� o � T d|c os o�� Wklv phd0

vxuh fruuhvsrqgv lq d phdq0yduldqfh iudphzrun wr wkh Vkdush udwlr ri wkh pdunhw sruwirolr/

E.do� o� os �*jdo� o1

91 Frqfoxvlrq

Lq wklv sdshu zh uhodwh YdU zlwk phdq0yduldqfh dqdo|vlv dqg vwxg| wkh hfrqrplf lpsol0

fdwlrqv dulvlqj iurp d phdq0YdU iudphzrun1 Zh ehjlq e| lqyhvwljdwlqj phdq0YdU h!flhqf|

zkhq vhfxulw| udwhv ri uhwxuqv kdyh d pxowlyduldwh qrupdo glvwulexwlrq1 Lqlwldoo|/ zh dvvxph

wkdw qr ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|1 D fkdudfwhul}dwlrq ri wkh h{lvwhqfh ri wkh

plqlpxp YdU sruwirolr vkrzv wkdw rqh pxvw eh fduhixo lq fkrrvlqj wkh frq�ghqfh ohyho wr

ghwhuplqh YdU vr wkdw plqlpl}lqj YdU lv dq rewdlqdeoh remhfwlyh1 Li wkh frq�ghqfh ohyho

dw zklfk YdU lv frpsxwhg lv vpdoo/ wkhq wkh plqlpxp YdU sruwirolr pd| qrw h{lvw dqg/

frqvhtxhqwo|/ wkh phdq0YdU h!flhqw vhw pd| eh hpsw|1

Rxu fkdudfwhul}dwlrq ri wkh plqlpxp YdU sruwirolr doorzv xv wr dqdo|wlfdoo| ghvfuleh wkh

phdq0YdU h!flhqw iurqwlhu dqg wr ghulyh vhyhudo uhvxowv1 Dv wkh frq�ghqfh ohyho dw zklfk YdU

lv frpsxwhg lqfuhdvhv= +l, wkh plqlpxp YdU sruwirolr frqyhujhv wr wkh plqlpxp yduldqfh

sruwirolr> dqg +ll, wkh phdq0YdU h!flhqw iurqwlhu frqyhujhv wr wkh phdq0yduldqfh h!flhqw

iurqwlhu1 Frqyhuvho|/ dv wkh frq�ghqfh ohyho dw zklfk YdU lv frpsxwhg ghfuhdvhv= +l, wkh

h{shfwhg udwh ri uhwxuq rq wkh plqlpxp YdU sruwirolr frqyhujhv wr lq�qlw|> dqg +ll, wkh vhw

ri phdq0YdU h!flhqw sruwirolrv frqyhujhv wr wkh hpsw| vhw1 Zh dovr vkrz wkdw d sruwirolr lv
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phdq0yduldqfh h!flhqw li dqg rqo| li lw joredoo| plqlpl}hv YdU iru vrph frq�ghqfh ohyho1 Zh

�qg wkdw li wkhuh lv d ulvniuhh vhfxulw| lq wkh hfrqrp| dqg wkh frq�ghqfh ohyho dw zklfk YdU

lv frpsxwhg lv vx!flhqwo| vpdoo/ wkhq plqlpl}lqj YdU lv dovr qrw dq rewdlqdeoh remhfwlyh1

Vlqfh lq pdq| lqvwdqfhv vhfxulw| udwhv ri uhwxuqv kdyh cidw wdlov/* zh surylgh d xvhixo

h{whqvlrq ri wkh deryh uhvxowv wr wkh fdvh zkhq vhfxulw| udwhv ri uhwxuq kdyh d pxowlyduldwh

w0glvwulexwlrq1 Zh wkhq jhqhudol}h wkh uhvxow wr wkh fdvh zkhq wkh qrupdolw| ru w0glvwulexwlrq

dvvxpswlrq lv qrw lpsrvhg/ wkhuhe| doorzlqj vhfxulw| udwhv ri uhwxuq wr kdyh erwk vnhzqhvv

dqg cidw wdlov/* e| xvlqj Fkhe|vkhy*v lqhtxdolw|1 Dvvxplqj wkdw vhfxulw| udwhv ri uhwxuq kdyh

�qlwh �uvw dqg vhfrqg prphqwv/ d Fkhe|vkhy xsshu erxqg rq YdU fdq hdvlo| eh ghulyhg1

Wklv vlpsoh fdofxodwlrq pdnhv dq lqwhuhvwlqj srlqw rq krz fduhixo rqh pxvw eh lq fkrrvlqj

frq�ghqfh ohyhov wr frpsxwh YdU/ dv wkh sureohp ri plqlpl}lqj wkh Fkhe|vkhy xsshu erxqg

rq YdU pd| qrw kdyh d vroxwlrq1 Ixuwkhupruh/ wkh Fkhe|vkhy xsshu erxqg rq YdU surylghv

uhohydqw lqirupdwlrq lq whupv ri d YdU xsshu erxqg iru wkh dssursuldwh frq�ghqfh ohyho zkhq

d glvwulexwlrqdo dvvxpswlrq lv qrw pdgh1

Zh �qg wkdw d phdq0YdU fulwhuld/ dw ohdvw dv dq dssur{lpdwlrq/ lv frqvlvwhqw zlwk d

sruwirolr fkrlfh sureohp ri d ulvn0dyhuvh djhqw zkr pd{lpl}hv h{shfwhg xwlolw|1 Zh wkhq

ghulyh hfrqrplf lpsolfdwlrqv dulvlqj iurp d phdq0YdU iudphzrun1 Zh �qg wkdw zkhq qr

ulvniuhh vhfxulw| h{lvwv lq wkh hfrqrp|/ d kljko| ulvn0dyhuvh djhqw zloo lqfuhdvh klv ru khu ulvn

h{srvxuh li kh ru vkh ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn1 Lq frqwudvw/ wkh

ulvn h{srvxuh ri d voljkwo| ulvn0dyhuvh djhqw pd| ghfuhdvh/ uhpdlq frqvwdqw/ ru lqfuhdvh li kh

ru vkh ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn1 Zkhq wkhuh lv d ulvniuhh vhfxulw|

lq wkh hfrqrp|/ wkh ulvn h{srvxuh ri dq djhqw zkr ghflghv wr xvh YdU dv d uhohydqw phdvxuh

ri ulvn pd| dovr ghfuhdvh/ uhpdlq frqvwdqw/ ru lqfuhdvh1

Htxloleulxp lpsolfdwlrqv dulvlqj iurp d phdq0YdU iudphzrun lqfoxgh wkh uhvxowv wkdw dq

djhqw*v ghflvlrq wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn pd| d�hfw htxloleulxp vhfxulw|

sulfhv dqg wkdw wkh FDSP krogv li djhqwv kdyh phdq0YdU suhihuhqfhv1 Ilqdoo|/ zh �qg wkdw

lq htxloleulxp/ wkhuh lv d olqhdu uhodwlrq ehwzhhq h{shfwhg udwh ri uhwxuq dqg YdU iru h!flhqw
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sruwirolrv dqg ghulyh wkh sulfh ri YdU/ zklfk zh uhihu wr dv wkh uhzdug0wr0YdU udwlr1
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Dsshqgl{

Surri ri Ohppd 41 Dvvxph wkdw wkh plqlpxp YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho/

ghqrwhg 6|c h{lvwv1 Vxssrvh e| zd| ri d frqwudglfwlrq wkdw lw lv qrw phdq0yduldqfh h!flhqw1

Xvlqj Gh�qlwlrq 8/ wkhuh h{lvwv � 5 ` vxfk wkdw .do�o � .do6|
o/ jdo�o � jdo6|

oc zkhuh dw

ohdvw rqh ri wkh lqhtxdolwlhv lv vwulfw1 Khqfh/ zh kdyh |Wjdo�o � .do�o 	 |Wjdo6|
o � .do6|

o

dqg xvlqj htxdwlrq +4,/ T d|c o�o 	 T d|c o6|
oc zklfk frqwudglfwv wkh dvvxpswlrq wkdw 6| lv wkh

plqlpxp YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho1

Surri ri Sursrvlwlrq 41 Iluvw/ zh vkrz wkdw | : xE
s
(*�� ru/ htxlydohqwo|/ wkdw |W :

s
(*�

lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri wkh plqlpxp YdU sruwirolr1 Qrwh

wkdw xvlqj htxdwlrq +8,/ zh kdyh

.do�o ' �*� n
s
E(*��Ej2do�o� �*�� +65,

iru dq| phdq0yduldqfh h!flhqw sruwirolr � 5 ` 1 Zh qhhg wr vroyh

4�?
�M`

T d|c o�o� +66,

Iurp Kxdqj dqg Olw}hqehujhu +4<;;/ ss1 9909:, wkh plqlpxp yduldqfh sruwirolr/ ghqrwhg

6
j
c kdv jdo6j

o ' �*
s
�� Khqfh/ xvlqj Ohppd 4 dqg htxdwlrqv +4, dqg +65,/ zh fdq vroyh

4�?
jMd�*

I
�c"�

|Wj �
k
�*� n

s
E(*�� Ej2 � �*��

l
+67,

wr ghwhuplqh wkh YdU ri wkh plqlpxp YdU sruwirolr1 Qrwh wkdw

Y

q
|Wj �

k
�*� n

s
E(*�� Ej2 � �*��

lr
Yj

' |W �
j
s
(*�s

j2 � �*�
� +68,

Fohduo|/ j ' �*
s
� grhv qrw vroyh wkh plqlpl}dwlrq sureohp +67, vlqfh

,�6
j<�*

I
�

|W �
j
s
(*�s

j2 � �*�
' �4�

Xvlqj htxdwlrq +68,/ d qhfhvvdu| frqglwlrq iru j6|
wr vroyh wkh plqlpl}dwlrq sureohp +67, lv

|W �
j6|

s
(*�s

j2
6|
� �*�

' f� +69,
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Vlpsoli|lqj htxdwlrq +69, zh rewdlq |W
s
j2
6|
� �*� ' j6|

s
(*� dqg/ wkhuhiruh/

j6|
'

t
E|W�

2
*d� E|W�

2 �(o� +6:,

Lw iroorzv iurp htxdwlrq +6:, wkdw � E|W�
2�( : f ru/ htxlydohqwo|/ |W :

s
(*� lv d qhfhvvdu|

frqglwlrq iru wkh h{lvwhqfh ri wkh plqlpxp YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho1

Zh qrz vkrz wkdw |W :
s
(*� lv d vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri wkh plqlpxp

YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho e| vkrzlqj wkdw zh duh plqlpl}lqj d frqyh{

ixqfwlrq1 Xvlqj htxdwlrq +68,/ zh kdyh

Y2
q
|Wj �

k
�*� n

s
E(*��Ej2 � �*��

lr
Yj2

'

Y

�
|W � j

s
(*�s

j23�*�

�
Yj

' �

s
(*�

s
j2 � �*� � j

2
s
(*�s

j23�*�

j2 � �*�

'
�*�

s
(*�

Ej2 � �*���*2
: fc;j 5 E�*

s
�c4��+6;,

Xvlqj htxdwlrq +6;,/ |W :
s
(*� lv d vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri wkh plqlpxp

YdU sruwirolr dw wkh �ff|I frq�ghqfh ohyho1 Wklv frpsohwhv wkh �uvw sduw ri rxu surri1

Vhfrqg/ zh vkrz wkdw htxdwlrq +44, fkdudfwhul}hv wkh plqlpxp YdU sruwirolr1 Iru dq|

. 5 U wkhuh h{lvwv ^vhh Kxdqj dqg Olw}hqehujhu +4<;;/ ss1 97098,` d xqltxh phdq0yduldqfh

erxqgdu| sruwirolr �. 5 ` zlwk h{shfwhg udwh ri uhwxuq .=

�. ' } n �.� +6<,

Xvlqj htxdwlrqv +65, dqg +6:,/ zh kdyh

.do6|
o '

�

�
n

yxxw(

�

#
E|W�

2

� E|W�
2 �(

�
�

�

$
� +73,

Htxdwlrq +44, iroorzv iurp htxdwlrqv +6<, dqg +73,1 Wklv frpsohwhv wkh vhfrqg sduw ri rxu

surri1

Surri ri Fruroodu| 41 Vxssrvh wkdw wkh plqlpxp YdU sruwirolr h{lvwv dw d jlyhq frq�ghqfh

ohyho | 	 �1 Xvlqj Ohppd 4/ wkh plqlpxp YdU sruwirolr olhv rq wkh phdq0yduldqfh h!flhqw

59



iurqwlhu1 Iurp Kxdqj dqg Olw}hqehujhu +4<;;/ ss1 9909:, wkh plqlpxp yduldqfh sruwirolr

kdv .do6j
o ' �*�� Xvlqj htxdwlrq +73,/ zh kdyh .do6|

o : .do6j
o vlqfh E|W�

2
*d� E|W�

2�(o :

�*�� Khqfh/ li wkh plqlpxp YdU sruwirolr h{lvwv dw d jlyhq frq�ghqfh ohyho | 	 �/ wkhq lw

olhv deryh wkh plqlpxp yduldqfh sruwirolr rq wkh phdq0yduldqfh h!flhqw iurqwlhu1

Surri ri Sursrvlwlrq 51 Iluvw/ zh vkrz +l,1 Li | : xE
s
(*��c wkhq |W :

s
(*�� Lw lv hqrxjk

wr vkrz wkdw Y2T d|c o�o*Y.do�o
2 : f iru hyhu| phdq0YdU erxqgdu| sruwirolr � 5 ` 1 Ohw

� 5 ` eh dq duelwudulo| fkrvhq phdq0YdU erxqgdu| sruwirolr1 Wkhq/ xvlqj htxdwlrq +8,/

zh kdyh

jdo�o '

v
�

�
n

E.do�o��*��2

(*�
� +74,

Lw iroorzv iurp htxdwlrqv +4, dqg +74, wkdw

YT d|c o�o

Y.do�o
'

YE|Wjdo�o� .do�o�

Y.do�o

' |W
Y

t
�
�
n

E.do� o3�*��2
(*�

Y.do�o
� �

' |W
.do� o3�*�

(*�t
�
�
n

E.do� o3�*��2
(*�

� �� +75,

Xvlqj htxdwlrq +75,/ zh rewdlq

Y2T d|c o�o

Y.do�o2
' |W

u
�
�
n

E.do� o3�*��2

(*�

(*�
�

E.do� o3�*��2

E(*��2u
�
�
n

E.do� o3�*��2

(*�

�
�
n

E.do� o3�*��2
(*�

'
|W*(k

�
�
n

E.do� o3�*��2
(*�

l�*2 : fc +76,

zklfk frpsohwhv wkh �uvw sduw ri rxu surri1

Vhfrqg/ zh vkrz +ll,1 Li | � xE
s
(*��c wkhq |W �

s
(*�� Xvlqj htxdwlrq +75,/ zh

kdyh YT d|c o�o*Y.do�o 	 f iru dq| phdq0YdU erxqgdu| sruwirolr � 5 `c l1h1/ wkh vorsh ri

wkh phdq0YdU erxqgdu| lv hyhu|zkhuh qhjdwlyh1 Khqfh/ iru dq| sruwirolr � 5 ` wkhuh lv

d sruwirolr � 5 ` zlwk erwk kljkhu h{shfwhg udwh ri uhwxuq dqg orzhu YdU1 Wklv frpsohwhv

wkh vhfrqg sduw ri rxu surri1
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Surri ri Fruroodu| 51 Lw iroorzv lpphgldwho| iurp Fruroodu| 4 dqg +l, lq Sursrvlwlrq 51

Surri ri Fruroodu| 61 Vlqfh |W $4 dv |$ �c qrwh wkdw

,�6
|<�

E|W�
2
*d� E|W�

2 �(o ' �*�� +77,

Wkxv/ lw iroorzv iurp htxdwlrqv +73, dqg +77, wkdw

,�6
|<�

.do6|
o ' ,�6

|W<"

�

�
n

yxxw(

�

#
E|W�

2

� E|W�
2 �(

�
�

�

$

' .do6j
oc +78,

l1h1/ wkh plqlpxp YdU sruwirolr frqyhujhv wr wkh plqlpxp yduldqfh sruwirolr dv |$ �1

Surri ri Fruroodu| 71 Iluvw/ zh vkrz wkdw wkh vhw ri phdq0YdU h!flhqw sruwirolrv lv d surshu

vxevhw ri wkh vhw ri phdq0yduldqfh h!flhqw sruwirolrv zkhq | 	 �1 Li | � xE
s
(*��/ wkhq

wkh plqlpxp YdU sruwirolr grhv qrw h{lvw1 Xvlqj +ll, lq Sursrvlwlrq 5/ wkh vhw ri phdq0YdU

h!flhqw sruwirolrv lv hpsw| dqg/ wkhuhiruh/ wulyldoo| d surshu vxevhw ri wkh vhw ri phdq0

yduldqfh h!flhqw sruwirolrv1 Vr/ dvvxph wkdw | : xE
s
(*��� Xvlqj +l, lq Sursrvlwlrq 5/ wkh

vhw ri phdq0YdU h!flhqw sruwirolrv dw wkh frq�ghqfh ohyho | frqvlvwv ri wkh vhw ri sruwirolrv

zklfk ehorqj wr wkh phdq0yduldqfh erxqgdu| dqg kdyh dq h{shfwhg udwh ri uhwxuq juhdwhu

wkdq ru htxdo wr wkh h{shfwhg udwh ri uhwxuq ri wkh plqlpxp YdU sruwirolr dw wkdw frq�ghqfh

ohyho1 Vlqfh .do6|
o : .do6j

oc wkh vhw ri phdq0YdU h!flhqw sruwirolrv lv d surshu vxevhw ri

wkh vhw ri phdq0yduldqfh h!flhqw sruwirolrv� Wklv frpsohwhv wkh �uvw sduw ri rxu surri1

Vhfrqg/ zh yhuli| wkdw/ dv |$ �c wkh phdq0YdU h!flhqw iurqwlhu frqyhujhv wr wkh phdq0

yduldqfh h!flhqw iurqwlhu1 Qrwh wkdw wkh ghvluhg fodlp iroorzv lpphgldwho| iurp +l, lq Sursr0

vlwlrq 5 dqg htxdwlrq +78,� Wklv frpsohwhv wkh vhfrqg sduw ri rxu surri1

Surri ri Fruroodu| 81 Iluvw/ zh vkrz wkdw wkh h{shfwhg udwh ri uhwxuq ri wkh plqlpxp YdU

sruwirolr frqyhujhv wr lq�qlw| dv | & xE
s
(*��� Xvlqj htxdwlrq +73,/ zh kdyh

,�6
|�xE

s
(*��

.do6|
o ' ,�6

|W�
s
(*�

�

�
n

yxxw(

�

#
E|W�

2

� E|W�
2 �(

�
�

�

$
'4 +79,

5;



vlqfh E|W�
2
*d� E|W�

2 �(o$4 dv |W &
s
(*�� Wklv frpsohwhv wkh �uvw sduw ri rxu surri1

Vhfrqg/ zh yhuli| wkdw wkh vhw ri phdq0YdU h!flhqw sruwirolrv frqyhujhv wr wkh hpsw| vhw

dv | & xE
s
(*��� Revhuyh wkdw wkh ghvluhg fodlp iroorzv lpphgldwho| iurp +l, lq Sursrvlwlrq

5 dqg htxdwlrq +79,� Wklv frpsohwhv wkh vhfrqg sduw ri rxu surri1

Surri ri Sursrvlwlrq 61 Iluvw/ qrwh wkdw wkh �li� sduw iroorzv lpphgldwho| iurp Ohppd 41

Vhfrqg/ zh vkrz wkh �rqo| li� sduw1 Ohw � 5 ` qi6
j
j eh duelwudulo| fkrvhq1 Zh qhhg wr vkrz

wkdw � joredoo| plqlpl}hv wkh YdU iru wkh frq�ghqfh ohyho x
�t

(*� n
(2*��

E.do� o3�*��2

�
� Vlqfh

sruwirolr � lv phdq0yduldqfh h!flhqw/ zh kdyh � ' } n �.do�o� Lw iroorzv iurp Sursrvlwlrq

4 wkdw li wkhuh h{lvwv |W vxfk wkdw

.do�o '
�

�
n

yxxw(

�

#
E|W�

2

� E|W�
2 �(

�
�

�

$
c +7:,

wkhq � lv wkh plqlpxpYdU sruwirolr iru wkh frq�ghqfh ohyho xE|W�� Xvlqj hohphqwdu| dojheud

dqg htxdwlrq +7:,/ zh rewdlq

|W '

v
(*� n

(2*��

E.do�o��*��2
c +7;,

zklfk frpsohwhv wkh �rqo| li� sduw ri rxu surri1

Surri ri Sursrvlwlrq 71 Iluvw/ zh vkrz +l,1 Li | : xE
s
M�/ wkhq |W :

s
M� Xvlqj htxdwlrq

+4:,/ wkh vorsh ri wkh phdq0YdU erxqgdu| lv srvlwlyh li .do�o : os dqg qhjdwlyh li .do�o 	 os 1

Khqfh/ qr sruwirolr � 5 `s zlwk .do�o 	 os lv phdq0YdU h!flhqw dqg dq| phdq0yduldqfh

h!flhqw sruwirolr � 5 `s zlwk .do�o � os ehorqjv wr wkh phdq0YdU h!flhqw iurqwlhu1 Wklv

frpsohwhv wkh �uvw sduw ri rxu surri1

Vhfrqg/ zh vkrz +ll,1 Li | 	 xE
s
M�c wkhq |W 	

s
M� Xvlqj htxdwlrq +4:,/ wkh phdq0YdU

erxqgdu| kdv d qhjdwlyh vorsh zkhq .do�o 9' os 1 Li | ' xE
s
M�c wkhq |W '

s
Mc lqglfdwlqj

wkdw wkh phdq0YdU erxqgdu| frqvlvwv ri d olqh zlwk d qhjdwlyh vorsh zkhq .do�o 	 os dqg

d yhuwlfdo olqh zkhq .do�o : os � Khqfh/ li | � xE
s
M�c wkhq iru dq| sruwirolr � 5 `s wkhuh

5<



lv d sruwirolr � 5 `s zlwk kljkhu h{shfwhg udwh ri uhwxuq dqg orzhu wkdq ru wkh vdph YdU

dv sruwirolr �1 Wklv frpsohwhv wkh vhfrqg sduw ri rxu surri1

Surri ri Sursrvlwlrq 81 Ohw R ghqrwh wkh sruwirolr zlwk zhljkw �R : f lqyhvwhg lq wkh pdunhw

sruwirolr � dqg zhljkw � � �R lq wkh ulvniuhh vhfxulw|/ l1h1/ oR ' os n �REo� � os�� Xvlqj

Gh�qlwlrq 4/ zh kdyh �ioR � �T d|c oRoj ' �� | ru/ htxlydohqwo|/ xvlqj wkh gh�qlwlrq ri oR

�ios n �REo� � os � � �T d|c oRoj ' � � |� +7<,

Uhduudqjlqj htxdwlrq +7<, zh kdyh

�io� � os � ET d|c oRo n os�*�Rj ' �� |� +83,

Xvlqj Gh�qlwlrq 4 dqg htxdwlrq +83,/ zh kdyh T d|c o� o ' �os n ET d|c oRo n os �*�R ru/ htxly0

dohqwo|/

T d|c oRo ' �os n �RET d|c o� o n os �� +84,

Lw iroorzv iurp htxdwlrq +84, wkdw �R ' ET d|c oRo n os� * ET d|c o� o n os� dqg/ wkhuhiruh/ xvlqj

wkh gh�qlwlrq ri oR zh rewdlq

oR ' os n

�
T d|c oRo n os

T d|c o� o n os

�
Eo� � os � � +85,

Uhduudqjlqj htxdwlrq +85, dqg wdnlqj h{shfwdwlrqv zh rewdlq htxdwlrq +63,1

Fodlp1 Vxssrvh wkdw | : xE
s
(*��� Wkhq/ jdo6|

o : j li dqg rqo| li | 	 xE
s
@2*� n(*���

Surri1 Dvvxph wkdw | : xE
s
(*��� Wkhq/ |W :

s
(*�� Xvlqj htxdwlrqv +59, dqg +66,/ zh

kdyh jdo6|
o : j li dqg rqo| li

E|W�
2
*d� E|W�

2 �(o : �*� � E� n(*@2��

Vlqfh � E|W�
2 �( : f/ wkh deryh lqhtxdolw| lv htxlydohqw wr

E|W�
2
: E� n(*@2�dE|W�

2 �(*�o�

Wkh deryh lqhtxdolw| krogv li dqg rqo| li |W 	
s
@2*� n(*�c l1h1/ | 	 xE

s
@2*� n(*���
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Uhihuhqfhv

Dkq/ G1/ Erxgrxnk/ M1/ Ulfkdugvrq/ P1/ Zklwhodz/ U1/ 4<<<1 Rswlpdo Ulvn Pdqdjhphqw

Xvlqj Rswlrqv1 Mrxuqdo ri Ilqdqfh 87/ 68<06:81

Duw}qhu/ S1/ Ghoedhq/ I1/ Hehu/ M10P1/ Khdwk/ G1/ 4<<<1 Frkhuhqw Phdvxuhv ri Ulvn1 Pdwkh0

pdwlfdo Ilqdqfh </ 536055;1

Edvdn/ V1/ Vkdslur/ D1/ 4<<<1 Ydoxh0dw0Ulvn Pdqdjhphqw= Rswlpdo Srolflhv dqg Dvvhw Sulfhv1

Zrunlqj Sdshu1 Xqlyhuvlw| ri Shqqv|oydqld/ Sklodghoskld1

Edxpro/ Z1/ 4<961 Dq H{shfwhg Jdlq0Frq�ghqfh Olplw Fulwhulrq iru Sruwirolr Vhohfwlrq1

Pdqdjhphqw Vflhqfh 43/ 4:704;51

Edzd/ Y1/ Olqghqehuj/ H1/ 4<::1 Fdslwdo Pdunhw Htxloleulxp lq d Phdq0Orzhu Sduwldo

Prphqw Iudphzrun1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ 4;<05331

Eodwwehuj/ U1/ Jrqhghv/ Q1/ 4<:71 D Frpsdulvrq ri wkh Vwdeoh dqg Vwxghqw Glvwulexwlrqv dv

Vwdwlvwlfdo Prghov iru Vwrfn Sulfhv1 Mrxuqdo ri Exvlqhvv 7:/ 57705;31

Grzg/ N1/ 4<<;1 Eh|rqg Ydoxh dw Ulvn= Wkh Qhz Vflhqfh ri Ulvn Pdqdjhphqw1 Mrkq Zloh|

) Vrqv/ Fklfkhvwhu/ Hqjodqg1

Gx!h/ G1/ Sdq/ M1/ 4<<:1 Dq Ryhuylhz ri Ydoxh dw Ulvn1 Mrxuqdo ri Ghulydwlyhv 7/ :07<1

Ilvkexuq/ S1/ 4<::1 Phdq0Ulvn Dqdo|vlv zlwk Ulvn Dvvrfldwhg zlwk Ehorz0Wdujhw Uhwxuqv1

Dphulfdq Hfrqrplf Uhylhz 9:/ 44904591

Iulvwhgw/ E1/ Jud|/ O1/ 4<<:1 DPrghuq Dssurdfk wr Suredelolw| Wkhru|1 Elunkçxvhu/ Ervwrq1

Krjdq/ Z1/ Zduuhq/ M1/ 4<:51 Frpsxwdwlrq ri wkh H!flhqw Erxqgdu| lq wkh H0V Sruwirolr

Vhohfwlrq Prgho1 Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv :/ 4;;404;<91

Krjdq/ Z1/ Zduuhq/ M1/ 4<:71 Wrzdug wkh Ghyhorsphqw ri dq Htxloleulxp Fdslwdo0Pdunhw

Prgho Edvhg rq Vhplyduldqfh1 Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv </ 40441
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Kxdqj/ F1/ Olw}hqehujhu/ U1/ 4<;;1 Irxqgdwlrqv iru Ilqdqfldo Hfrqrplfv1 Suhqwlfh0Kdoo/

Hqjohzrrg Fol�v/ QM1

Kxoo/ M1/ 4<<;1 Lqwurgxfwlrq wr Ixwxuhv dqg Rswlrqv Pdunhwv1 Suhqwlfh0Kdoo/ Xsshu Vdggoh

Ulyhu/ QM1

Kxoo/ M1/ Zklwh/ D1/ 4<<;1 Ydoxh0dw0Ulvn Zkhq Gdlo| Fkdqjhv lq Pdunhw Yduldeohv Duh Qrw

Qrupdoo| Glvwulexwhg/ Wkh Mrxuqdo ri Ghulydwlyhv 8/ <04<1

Mrulrq/ S1/ 4<<:1 Ydoxh dw Ulvn= Wkh Qhz Ehqfkpdun iru Frqwuroolqj Pdunhw Ulvn1 PfJudz0

Kloo/ Qhz \run1

Ohy|/ K1/ Pdunrzlw}/ K1/ 4<:<1 Dssur{lpdwlqj H{shfwhg Xwlolw| e| d Ixqfwlrq ri Phdq dqg

Yduldqfh1 Dphulfdq Hfrqrplf Uhylhz 7:/ 63;064:1

Olqvphlhu/ W1/ Shduvrq/ Q1/ 53331 Ydoxh dw Ulvn1 Ilqdqfldo Dqdo|vwv Mrxuqdo 89/ 7:09:1

Olqwqhu/ M1/ 4<981 Wkh Ydoxdwlrq ri Ulvn Dvvhwv dqg wkh Vhohfwlrq ri Ulvn| Lqyhvwphqwv lq

Vwrfn Sruwirolrv dqg Fdslwdo Exgjhwv1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 7:/ 4606:1

Phuwrq/ U1/ 4<:51 Dq Dqdo|wlf Ghulydwlrq ri Wkh H!flhqw Sruwirolr Iurqwlhu1 Mrxuqdo ri

Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv :/ 4;8404;:51

Prvvlq/ M1/ 4<991 Htxloleulxp lq d Fdslwdo Dvvhw Pdunhw1 Hfrqrphwulfd 67/ :9;0:;61

Ur|/ D1/ 4<851 Vdihw| Iluvw dqg wkh Kroglqj ri Dvvhwv1 Hfrqrphwulfd 53/ 764077<1

Vkdush/ Z1/ 4<971 Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxloleulxp Xqghu Frqglwlrqv

ri Ulvn1 Mrxuqdo ri Ilqdqfh 5</ 75807751

Whovhu/ O1/ 4<881 Vdihw| Iluvw dqg Khgjlqj1 Wkh Uhylhz ri Hfrqrplf Vwxglhv 56/ 40491
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Irrwqrwhv

�Vhh Mrulrq +4<<:,/ Grzg +4<<;,/ Kxoo +4<<;,/ dqg Olqvphlhu dqg Shduvrq +5333, iru dq

lqwurgxfwlrq wr YdU/ dqg Gx!h dqg Sdq +4<<:, iru d uhylhz duwlfoh1

2Wkh h!flhqf| fulwhulrq vxjjhvwhg e| Edxpro zdv phdqw wr suhfoxgh �xqdffhswdeoh� phdq0

yduldqfh h!flhqw sruwirolrv zklfk duh grplqdwhg e| sruwirolrv zlwk erwk kljkhu h{shfwhg

udwh ri uhwxuq dqg orzhu YdU1

�Wkhuh lv dq h{whqvlyh olwhudwxuh rq rwkhu grzqvlgh phdvxuhv ri ulvn1 Wr flwh mxvw d ihz/ vhh

Krjdq dqg Zduuhq +4<:5/ 4<:7,/ Ilvkexuq +4<::,/ dqg Edzd dqg Olqghqehuj +4<:;,1

eUlvnPhwulfv lv d gdwd vhw surylghg e| M1S1 Prujdq wkdw lv dydlodeoh dw lwv zhevlwh iuhh ri

fkdujh wr dq|rqh +zzz1ulvnphwulfv1frp2up2lqgh{1fjl,1

DWkh whup �erxqgdu|� lv xvhg khuh wr uhihu wr wkh vhw ri sruwirolrv wkdw plqlpl}h ulvn iru

ydulrxv ohyhov ri h{shfwhg udwh ri uhwxuq1 Wkh whup �iurqwlhu� lv riwhq xvhg zlwk wkh vdph

phdqlqj ^vhh/ iru h{dpsoh/ Kxdqj dqg Olw}hqehujhu +4<;;/ ss1 96098,`1

SUhjxodwlrq pd| ohdg lqyhvwruv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn1 Wkh Vhfxulwlhv dqg

H{fkdqjh Frpplvvlrq uhtxluhv uhjlvwudqwv wr surylgh txdqwlwdwlyh lqirupdwlrq derxw pdunhw

ulvn zlwk YdU ehlqj rqh ri wkh glvforvxuh dowhuqdwlyhv +vhh Uhjxodwlrq V0N/ Lwhp 638/ dydlo0

deoh rqolqh dw zzz1vhf1jry2vpexv2irupv2uhjvn1kwp,1 Ixuwkhupruh/ wkh Edvoh Frpplwwhh

rq Edqnlqj Vxshuylvlrq doorzv edqnv wr xvh YdU zkhq ghwhuplqlqj wkhlu fdslwdo0dghtxdf|

uhtxluhphqwv dulvlqj iurp wkhlu h{srvxuh wr pdunhw ulvn1

.Duw}qhu/ Ghoedhq/ Hehu/ dqg Khdwk +4<<<, lqyhvwljdwh zkhwkhu YdU lv d �frkhuhqw� phdvxuh

ri ulvn1 Wkh| frqfoxgh wkdw YdU lv qrw d frkhuhqw phdvxuh ri ulvn vlqfh lw idlov wr vdwlvi| wkh

�vxedgglwlylw| surshuw|� lq wkdw wkh YdU ri d sruwirolr zlwk wzr vhfxulwlhv pd| eh odujhu wkdq

wkh vxp ri wkh YdU ri hdfk ri wkh vhfxulwlhv lq wkh sruwirolr1 Lqwhuhvwlqjo|/ wkh vxedgglwlylw|

surshuw| krogv xqghu qrupdolw| ^vhh Duw}qhu/ Ghoedhq/ Hehu/ dqg Khdwk +4<<</ Uhpdun 6191/

ss1 54:,`1

HIru dq| ?0glphqvlrqdo pxowlyduldwh qrupdoo| glvwulexwhg udqgrp yhfwru ~c dq| D 5 U
?c

dqg dq| v|pphwulf srvlwlyh gh�qlwh E? � ?� pdwul{ l/ ~ � � EDcl� lpsolhv wkdw @�~ �
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�E@�Dc @�l@� iru hyhu| @ 5 U?� Wkhuhiruh/ o� � �E��>c��P���

bLw zrxog dsshdu pruh dssursuldwh iru YdU wr eh gh�qhg lq wklv pdqqhu/ zklfk lq prvw

fdvhv zrxog uhvxow lq d qhjdwlyh ydoxh1 Fxvwrp/ krzhyhu/ lv wr uhihu wr YdU dv d srvlwlyh

qxpehu/ jlylqj ulvh wr Gh�qlwlrq 4 dqg htxdwlrq +4,1 Wkh uhvxowv wkdw iroorz krog xqghu

hlwkhu gh�qlwlrq zlwk dssursuldwh fkdqjhv ri vljq1

�fWklv dvvxpswlrq uxohv rxw wkh iroorzlqj ghjhqhudwh fdvhv1 Iluvw/ li | ' �*2c wkhq dq|

sruwirolr ehorqjv wr phdq0YdU erxqgdu| vlqfh |W ' f1 Vhfrqg/ li | 	 �*2 dqg ? : 2c wkhq

iru dq| sruwirolr � 5 ` / zh fdq �qg d sruwirolr � 5 ` zlwk wkh h{shfwhg udwh ri uhwxuq ri

sruwirolr � dqg d kljkhu vwdqgdug ghyldwlrq wkdq wkh rqh ri sruwirolr �1 Khqfh/ qr sruwirolr

ehorqjv wr wkh phdq0YdU erxqgdu| li | 	 �*2 dqg ? : 2�

��Wklv uhvxow dovr krogv li wkhuh duh vkruw vdohv frqvwudlqwv/ h1j1/ li �� � f iru dq| � 5 i�c ���c ?j�

�2Wklv wudqvirupdwlrq lpsolhv wkdw wkh uhsuhvhqwdwlrq ri wkh phdq0YdU erxqgdu| sruwirolrv

lq phdq0YdU vsdfh grhv qrw uhvxow lq d frqlf vhfwlrq/ dv lq wkh fdvh ri wkh uhsuhvhqwdwlrq

ri phdq0yduldqfh erxqgdu| sruwirolrv lq phdq0yduldqfh +vwdqgdug ghyldwlrq, vsdfh zkhuh d

sduderod +k|shuerod, lv rewdlqhg1

��Dw wkdw frq�ghqfh ohyho dq djhqw zlwk phdq0YdU suhihuhqfhv lv lq idfw ulvn qhxwudo1

�eWkh h{whqw wr zklfk lw lv srvvleoh wr uhgxfh YdU wkurxjk dq lqfuhdvh lq vwdqgdug ghyldwlrq

ghshqgv xsrq wkh frq�ghqfh ohyho dw zklfk YdU lv ghwhuplqhg dqg wkh sdudphwhuv wkdw

ghwhuplqh wkh irup ri wkh phdq0yduldqfh erxqgdu|/ wkdw lv/ > dqg P�

�DDffruglqj wr Whovhu +4<88,/ jlyhq d suhvshfl�hg suredelolw| | 5 E�*2c �� dqg d udwh ri uhwxuq

oc wkh rswlpdo sruwirolr iru dq lqyhvwru vroyhv

6@%
�M`

.do�o

r�|� � do� 	 oo � � � |1

Dvvxplqj wkdw udwhv ri uhwxuq duh pxowlyduldwh qrupdoo| glvwulexwhg/ � do� 	 oo � � � | lv

htxlydohqw wr T d|c o�o � �o� Khqfh/ li | : xE
s
(*�� dqg zh vroyh wkh deryh pd{lpl}dwlrq

sureohp vxemhfw wr T d|c o�o � �o iru hyhu| o 5 E�4c�T d|c o6|
ooc wkhq zh ghulyh wkh vhw ri
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phdq0YdU h!flhqw sruwirolrv dw wkh �ff|I frq�ghqfh ohyho1 Dv h{sodlqhg lq wkh Lqwurgxfwlrq/

zkloh wklv irupxodwlrq lv htxlydohqw wr wkh sureohp ri �qglqj wkh phdq0YdU h!flhqw iurqwlhu

zkhq udwhv ri uhwxuq duh pxowlyduldwh qrupdoo| glvwulexwhg/ Whovhu +dqg Edxpro, glg qrw gh0

yhors wkh pdwkhpdwlfdo fkdudfwhul}dwlrq ri wkh phdq0YdU h!flhqw iurqwlhu1 Ixuwkhupruh/ dq

h{dplqdwlrq ri krz dq h{shfwhg xwlolw| pd{lpl}dwlrq iudphzrun uhodwhv wr d phdq0YdU ful0

whuld dqg dq lqyhvwljdwlrq ri wkh hfrqrplf lpsolfdwlrqv dulvlqj iurp d phdq0YdU iudphzrun

kdyh qrw suhylrxvo| ehhq surylghg1

�SEdxpro +4<96,/ zkloh qrw uhihuulqj wr wkh YdU prgho shu vh/ srlqwhg wklv rxw zlwk klv

frpsdudeoh h{shfwhg jdlq0frq�ghqfh ohyho prgho1

�.Qrwh wkdw M � E:�(*� lv htxlydohqw wr �o2
s
�2�osn�2*� � E:�f� Vlqfh YE�o2

s
�2�osn

�2*��*Yos ' 2�os � 2� dqg Y2E�o2
s
� 2�os n�2*��*Yo2

s
' 2� : fc �o2

s
� 2�os n �2*�

dwwdlqv lwv plqlpxp ydoxh +l1h1/ }hur, li dqg rqo| li os ' �*�1 Frqvhtxhqwo|/ M � (*�c dqg

M : (*� li dqg rqo| li os 9' �*��

�HVhh Kxoo dqgZklwh +4<<;, iru d surfhgxuh wr hvwlpdwh YdU zkhq wkh qrupdolw| dvvxpswlrq

lv qrw pdgh1

�bVhh Eodwwehuj dqg Jrqhghv +4<:7, zkr suhvhqwhg hylghqfh lq idyru ri wkh w0glvwulexwlrq dv

d prgho iru vwrfn uhwxuqv1

2fQrwh wkdw E�*e�e.2��2 � f�fD�

2�H{dpsohv ri xwlolw| ixqfwlrqv vdwlvi|lqj wkrvh dvvxpswlrqv lqfoxgh wkh qhjdwlyh h{srqhqwldo

xwlolw| ixqfwlrq/ zklfk glvsod|v frqvwdqw devroxwh ulvn dyhuvlrq/ dqg wkh orjdulwkplf xwlolw|

ixqfwlrq/ zklfk glvsod|v ghfuhdvlqj devroxwh ulvn dyhuvlrq1

22Fohduo|/ dowkrxjk lq wklv vhfwlrq zh uhihu wr d phdq0YdU iudphzrun/ rxu dqdo|vlv hdvlo|

h{whqgv wr d cphdq0Fkhe|vkhy xsshu erxqg rq YdU* iudphzrun1

2�Dq dowhuqdwlyh lqwhusuhwdwlrq iru wkh uhvxowv ri wklv vhfwlrq lv d frpsdulvrq ehwzhhq wkh

ulvn h{srvxuh ri dq djhqw zlwk phdq0YdU suhihuhqfhv dqg wkh ulvn h{srvxuh ri dq djhqw zlwk

phdq0yduldqfh suhihuhqfhv1

2eLi dq djhqw lv dq lq�qlwho| ulvn0dyhuvh/ lq wkh vhqvh wkdw klv ru khu lqgl�huhqfh fxuyhv duh
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yhuwlfdo lq phdq0vwdqgdug ghyldwlrq vsdfh/ wkhq klv ru khu rswlpdo sruwirolr lv wkh plqlpxp

yduldqfh sruwirolr1 Dffruglqj wr d phdq0YdU fulwhuld/ klv ru khu rswlpdo sruwirolr +dvvxplqj

lw h{lvwv, olhv rq wkh phdq0YdU h!flhqw iurqwlhu deryh wkh plqlpxp yduldqfh sruwirolr1

Frqvhtxhqwo|/ wkh djhqw zloo lqfuhdvh klv ru khu ulvn h{srvxuh1

2DKrzhyhu/ li wkh djhqw fkrrvhv d uhodwlyho| vpdoo frq�ghqfh ohyho/ vr wkdw wkh plqlpxp YdU

sruwirolr olhv deryh klv ru khu rswlpdo sruwirolr dffruglqj wr d phdq0yduldqfh fulwhuld/ wkhq

wkh uhdvrqlqj xvhg lq wkh fdvh ri d kljko| ulvn0dyhuvh djhqw dssolhv1 E| xvlqj YdU wkh djhqw

zloo lqfuhdvh klv ru khu ulvn h{srvxuh1

2SWklv dqdo|vlv grhv qrw ghshqg rq wkh h{lvwhqfh ri d ulvniuhh vhfxulw| lq wkh hfrqrp|1

2.Vlqfh wkh YdU ri dq| sruwirolr lv wkh pd{lpxp orvv d sruwirolr lv h{shfwhg +dw vrph

frq�ghqfh ohyho, wr vx�hu ryhu d suhvshfl�hg wlph krul}rq/ d ulvniuhh sruwirolr zlwk udwh ri

uhwxuq os : f lv h{shfwhg +dw dq| frq�ghqfh ohyho, wr jdlq os c ru wr Rvx�hu� d orvv ri �os 1

Pruhryhu/ li zh gh�qh wkh YdU wkh ulvniuhh vhfxulw| wr eh �os / wkhq wkh fdslwdo pdunhw olqh

lq phdq0YdU vsdfh lv frqwlqxrxv1

69



0.30.250.20.150.10.050

0.3

0.25

0.2

0.15

0.1

0.05

0

Standard Deviation

               (a)

mVaR-99%

mσ2

0.30.250.20.150.10.05

0.3

0.25

0.2

0.15

0.1

0.05

0
0

VaR at the 99% Confidence Level

(b)

mVaR-99%

mσ2

Iljxuh 4= +d, Wkh phdq0vwdqgdug ghyldwlrq erxqgdu| dvvxplqj wkdw wkhuh duh rqo| wzr

vhfxulwlhv/ D dqg E/ elyduldwh qrupdoo| glvwulexwhg/ zlwk .do�o ' f��c jdo�o ' f��c .do� o '

f�2Dc jdo�o ' f�2 dqg 4do�c o� o ' f�S( +e, wkh phdq0YdU erxqgdu| dw wkh bbI frq�ghqfh

ohyho dvvxplqj wkdw wkhuh duh rqo| wzr vhfxulwlhv dv lq +d,1 Lq wklv fdvh qrwh wkdw zkloh

wkh plqlpxp YdU sruwirolr dw wkh <<( frq�ghqfh ohyho +sorwwhg lq wkh �jxuhv dv wkh srlqw

6T @-3bbI� lv wkh phdq0yduldqfh h!flhqw sruwirolr zlwk h{shfwhg udwh ri uhwxuq htxdo wr

�2�H.Ic wkh plqlpxp yduldqfh sruwirolr +sorwwhg lq wkh �jxuhv dv wkh srlqw 6j2, kdv dq

h{shfwhg udwh ri uhwxuq htxdo wr H�HDI� Khqfh/ doo wkh phdq0yduldqfh h!flhqw sruwirolrv zlwk

h{shfwhg udwhv ri uhwxuq lq wkh lqwhuydo dH�HDIc �2�H.I� duh lqh!flhqw li YdU dw wkh <<(

frq�ghqfh ohyho lv xvhg dv d phdvxuh ri ulvn1
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Iljxuh 5= +d, Dv |$ f�Dc wkh phdq0YdU erxqgdu| frqyhujhv wr d olqh zlwk vorsh ri plqxv rqh

wkdw lqwhuvhfwv wkh ruljlq1 Revhuyh wkdw wkh plqlpxp YdU sruwirolr dw d vx!flhqwo| vpdoo

frq�ghqfh ohyho grhv qrw h{lvw +qrwh/ iru h{dpsoh/ wkdw wkh phdq0YdU erxqgdu| grhv qrw

ehqg edfn li | ' f�H,1 Wkh grwwhg srlqwv uhsuhvhqw wkh plqlpxp YdU sruwirolr dw wkh <8 dqg

<<( frq�ghqfh ohyhov> +e, dv |$ �c wkh phdq0YdU iurqwlhu lq phdq0YdU2wW vsdfh frqyhujhv

wr wkh wudglwlrqdo phdq0vwdqgdug ghyldwlrq k|shuerod1 Iljxuh 5 dvvxphv wkh gdwd xvhg lq

Iljxuh 41 Wkh grwwhg srlqwv uhsuhvhqw wkh plqlpxp YdU sruwirolr dw ydulrxv frq�ghqfh

ohyhov1
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Iljxuh 6= +d, Wkh phdq0vwdqgdug ghyldwlrq erxqgdu| zlwk d ulvniuhh vhfxulw|/ dvvxplqj

wkdw wkh sruwirolr ri ulvn| vhfxulwlhv �A lv phdq0yduldqfh h!flhqw/ o�A � �Ef��2cf�fe�c dqg

os ' f�fe� +e, wkh phdq0YdU erxqgdu| dw wkh <<( frq�ghqfh ohyho zlwk d ulvniuhh vhfxulw|

dqg d sruwirolr ri ulvn| vhfxulwlhv dv lq +d,1 Revhuyh wkdw wkh plqlpxp YdU sruwirolr lv wkh

ulvniuhh vhfxulw|/ zklfk kdv d qhjdwlyh YdU1
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|q@ � D �f 2D 4

HDI ��f�fDI ��e2I H�bfI ���b�I �2�DHI

bfI ��H��� �S�SS f�H� ��H� e�Df

bDI �2f�D� �b�fD ���D. ��e� 2���

bbI �2��.� ��f�2S �2�.H f�2� f�bf

Wdeoh 4= Wkh fkdqjh ri dq djhqw*v ulvn h{srvxuh dv phdvxuhg e| vwdqgdug ghyldwlrq/ dvvxp0

lqj wkdw kh ru vkh/ suhylrxvo| kdylqj phdq0yduldqfh suhihuhqfhv uhsuhvhqwhg e| wkh xwlolw|

ixqfwlrq gh�qhg e| htxdwlrq +57,/ ghflghv wr plqlpl}h YdU1 Vxfk d fkdqjh lv uhsruwhg iru

vhyhudo ydoxhv ri wkh sdudphwhuv @ dqg |1 Lw dovr uhsuhvhqwv d orzhu erxqg rq wkh fkdqjh lq

dq djhqw*v ulvn h{srvxuh wkdw ghflghv wr xvh YdU dv wkh uhohydqw phdvxuh ri ulvn1 Wdeoh 4

dvvxphv wkh gdwd xvhg lq Iljxuh 41

Kq@ � D �f 2D

� bH�fHI bb�2.I bb�b2I bb�bbI

D bS�.S bH�e� bb�Sb bb�bb

�f be�.S bS�HS bH�bb bb�bb

2D b2��f be�D. b.�eH bb�b2

Wdeoh 5= Wkh frq�ghqfh ohyho dw zklfk wkh rswlpdo sruwirolrv dulvlqj iurp wkh xwlolw| ixqfwlrqv

gh�qhg e| htxdwlrqv +57, dqg +5:, frlqflgh iru vhyhudo ydoxhv ri wkh sdudphwhuv @ dqg K1 Wdeoh

5 dvvxphv wkh gdwd xvhg lq Iljxuh 41
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