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1 Introduction

In the financial literature, three types of risk are distinguished, viz business risk, strategic risk and

financial risk.1 Business risk pertains to the risk firms face solely on account of their presence in

some product market. This type of risk stems from uncertainty in such activities as technological

innovations, product design and marketing. Strategic risk results from fundamental changes in

the economic or political environment. A case in point is the expropriation of land and the

nationalisation of businesses in communist countries in this century. This type of risk is typically

very hard to quantify. And finally, there’s financial risk, which is caused by movements in financial

markets. For instance, changes in the prices of financial assets may affect the investment portfolio

of a financial institution and bring about huge losses or gains. Although all three kinds of risk are

important, we shall solely be concerned with financial risk for the remainder of the analysis.

Financial risk can be broken down further into various categories. There’s market risk brought

on by changes in the prices of financial assets and liabilities, credit risk caused by the unwillingness

or inability of counterparties to fulfil their contractual obligations, liquidity risk resulting from

insufficient market activity, operational risk due to inadequate systems, management failures or

fraud, and legal risk that arises when a counterparty does not have the authority to engage in a

transaction. Our focus will be entirely on the analysis of market, or price risk.

An extensive literature exists on the analysis of market risk. The availability of information

from financial markets allows us to empirically examine this type of risk better than any other

kind. In order to examine market risk, it has to be measured. There are different ways to do

this. One commonly used measure of the price risk of an investment in some financial asset,

is the standard deviation of the price of that asset. But if one is particularly interested in the

maximum down-side risk one is exposed to, the so-called Value-at-Risk, VaR for short, might

be a more suitable instrument. It was made popular by US investment bank J.P. Morgan, who

incorporated it in their risk management model RiskMetricsTM, to which we will come back later.

Loosely speaking, the Value-at-Risk of a portfolio is the maximum loss that may be suffered on

that portfolio in the course of some holding period, during which the composition of the portfolio

remains unchanged. The length of this holding period is short-term, usually one day to a few

weeks. So the Value-at-Risk of an investor’s portfolio is the maximum amount of money he or she

may lose in a short period of time.

A VaR always relates to some confidence level, typically in the range of 95 to 99.9 percent. So,

strictly speaking, the VaR doesn’t really pertain to the maximum loss that may be incurred, but

it tells us the worst portfolio result that happens once every so many days.

Three aspects need to be kept in mind when judging the Value-at-Risk of a portfolio. In the

1See e.g. Jorion (1997).
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first place, we need to know the initial value of the portfolio. For analytical purposes, the initial

portfolio value is usually normalised to 100 currency units, but it could be any other amount,

of course. A second ingredient is the holding period to which the VaR pertains. And finally,

the confidence level is of importance. Evidently, the higher the confidence level, the larger the

Value-at-Risk of the portfolio. By varying the confidence level, one is able to explore a whole risk

profile, i.e. the entire distribution of results is revealed.

In recent years, many financial institutions have embraced Value-at-Risk as an easy to under-

stand instrument to assess information about their portfolio positions. Apart from the conceptional

attractiveness, its popularity is encouraged by the Basle Committee who permitted banks to calcu-

late their capital requirements for market risks by means of VaR models. In order to calculate the

VaR for this purpose, banks can choose between either historical simulation, variance-covariance

techniques and Monte Carlo simulation. A priori, it is not clear which method provides the best

results. In this paper, we will compare variance-covariance and historical simulation techniques

applied to two stock market indices, the Dutch AEX and the Dow Jones Industrial Average. Sev-

eral confidence levels will be evaluated, including the 99% level which is used to determine capital

requirements.

The outline of the remaining sections will be as follows. In Section 2, the international regula-

tions are outlined and the statistical evaluation of back-tests are given. Section 3 compares results

for several VaR techniques applied to the AEX. Section 4 shows the results for the Dow Jones.

Here more emphasis is given on the evaluation of failure rates through time. Finally, Section 5

concludes.

2 Evaluation of VaR

2.1 Regulations

Increasing financial instability has led to a call for tighter regulations. On 15 July 1988, the

central banks of the G-10 countries2 plus Luxembourg and Switzerland signed the Basle accord, an

agreement which had the purpose to provide a level playing field for banks by imposing minimum

capital requirements applying to all member countries. The Basle accord requires a bank’s capital

to be equal to at least 8 percent of the total risk-weighted assets of the bank.

The 1988 Basle accord has had to endure much criticism on several fronts. Besides its ad hoc

character the two main points of criticism were that the accord did not recognise that credit risk

may be reduced by diversifying across issuers, industries and geographical locations. Moreover, the

2The G-10 consists of Belgium, Canada, France, Germany, Italy, Japan, the Netherlands, Sweden, the United
Kingdom and the United States.
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regulations were in terms of book values rather than in terms of market values, which insufficiently

reflect the true risk.

Aware of the hiatus in the 1988 agreement, which focused chiefly on credit risk, the Basle

Committee produced a number of proposals on market risk, which would be incorporated in the

1996 amendment to the capital accord. In April 1993, the so-called Standard Model approach was

called into being. This is a building-block approach to determine a bank’s capital charge which

works as follows. First, capital requirements are computed for portfolios exposed to interest rate

risk, exchange rate risk, equity risk and commodity risk. Then the bank’s total capital charge

is obtained simply by adding up the requirements corresponding to these four categories. The

main shortcoming of this rather rigid rule is, of course, that it fails to take diversification across

risks into account. The improvement on the previous regulations is that it is not just restricted

to credit risk, but considers other important types of risk as well.

Two years later, in April 1995, the Basle Committee came forth with another set of proposals,

which was nothing short of a regulatory innovation: the Internal Model approach. For the first

time banks would be allowed to use their own risk management models to determine their VaR

and with it their capital requirement. This capital requirement follows simply by multiplying the

VaR by an add-on factor. This add-on factor, sometimes called the hysteria factor, may vary

between three and four, depending on the accuracy of the bank’s model in the past.3 The hysteria

factor is intended to provide additional protection against environments that are much less stable

than historical data would lead to believe.

Of course, this liberal legislation required a number of preconditions. In the first place, the

holding period and the confidence level for the VaR calculations needed to be set. The Com-

mittee decided to fix the holding period at 10 trading days. This 10-day period is motivated

by the fact that in cases of severe market stress such as October 1987, markets can become

very illiquid. Unprofitable parts of the portfolio can in such cases not be timely liquidated. Al-

though banks should report a 10-day VaR, these VaR calculations should be based on daily return

data, which is motivated by the fact that banks alter the composition of their portfolio rather

on a daily than on a biweekly basis. Furthermore, the confidence level was set at 99 percent,

corresponding to a loss exceeding the VaR once every hundred days, or two to three times a

year.

In addition, the Internal Model approach required that a back-test be performed over a period

of one year, or 250 trading days. A back-test is a means of verifying whether an internal model is

adequate or not. Realised day-to-day returns on the bank’s portfolio are compared to the VaR of

the bank’s portfolio. By counting the number of times the actual portfolio result was worse than

3Actually, the capital charge is set at the higher of the previous day’s VaR, and the average VaR over the last
60 business days, times the add-on factor.
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the VaR, the supervisor obtains an idea about how well the bank’s internal model predicts its

true market risk exposure. If this number corresponds to approximately 1 percent of the back-test

trading days—the prescribed left tail probability—, the model will be fine, but if the number of

violations is too high, a penalty is imposed resulting in an extra capital charge. This is reflected

in an increase in the hysteria, or scaling factor. The following table presents the precise penalty

directives.

Table 1: The relationship between the scaling factor and back-test results.

Zone Number of violations Scaling factor
0 3.00
1 3.00

Green Zone 2 3.00
3 3.00
4 3.00
5 3.40
6 3.50

Yellow Zone 7 3.65
8 3.75
9 3.85

Red Zone more than 9 4.00

Table 1 shows that if the number of times the VaR is exceeded over a period of 250 trading

days is not more than 4, we find ourselves in the Green Zone, and the multiplicative factor is 3,

which means the capital requirement is three times the VaR of the bank’s portfolio. This scaling

factor is gradually increased as we pass through the Yellow Zone, until the Red Zone is entered

where a maximum scaling factor of 4 is imposed. In that case the bank is likely to be obliged to

revise its internal model for risk management.

In addition to the Internal Model approach directives, banks have to perform stress tests which

may subject them to extra capital charges. These stress tests examine the effect of simulated large

movements in important financial variables on the bank’s portfolio. For instance, one could specify

a scenario where the equity index changes by plus or minus 10 percent, or volatilities change by

plus or minus 20 percent of their current values. The advantage of this stress testing, or scenario

analysis, is that it may cover situations completely absent from the historical data, whereas VaR

models are typically solely based on the historical data; stress testing forces management to

consider events that they might otherwise ignore. The main drawback of scenario analysis is that

it is completely subjective; stress tests do not specify the likelihood of worst-case situations. Still,

scenario analysis can be an important means in laying bare the weaknesses in a portfolio.

The Internal Model approach presents banks with a trade-off between basic capital require-

ments and penalty costs. If a bank’s internal model underestimates its market risk, the basis of

the capital requirement, which is the VaR, is low, but the scaling factor may be set higher than 3
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if the model is too bad. On the other hand, if the VaR estimate resulting from the internal model

is relatively high, the profit opportunity set of the bank could be seriously restricted unless this

is offset by a mild scaling factor. There has been some criticism on the Internal Model approach

with respect to this trade-off. The discrepancy between the minimum and maximum scaling factor

is thought to be too small. This gives banks an impetus to report too low a VaR, so that profit

opportunities are kept on a high level, because the penalty for using a model that undervalues the

VaR is relatively small. That is why there is a call for higher penalties, see e.g. Lucas (1997) and

Vlaar (1998).

2.2 Statistical evaluation

In the sections to come a number of techniques to assess the VaR of a portfolio will be discussed.

All of these techniques will be applied to an imaginary investment portfolio, and evaluated by a

back-testing procedure. To this end, the sample of portfolio returns is split up into an estimation

sample and an evaluation sample for each technique. The estimation sample is used to estimate

the model in question and to predict the VaR of the portfolio, whereupon a statistically sound

back-test is conducted by means of the evaluation sample in order to assess the adequacy of the

model.

The back-test will be performed in line with the Basle Internal Model approach regulations;

we count the number of days in the evaluation sample the portfolio result was worse than is to be

expected on the basis of our VaR estimate, and divide this number by the evaluation sample size.

The resulting figure is called the failure rate. Subsequently, this failure rate is compared to the

left tail probability p that was used to determine the VaR estimates. If these tally, we succeed in

predicting our portfolio’s Value-at-Risk accurately; if they differ substantially, the model has to

be rejected.

A likelihood ratio test developed by Kupiec (1995) will be used to find out whether a Value-

at-Risk model is to be rejected or not. Let N be the number of times the portfolio loss is worse

than the true Value-at-Risk in a sample of size T . Then the number of VaR violations has a

binomial distribution, N ∼ B(T, p). Ideally, the failure rate, N/T , should be equal to the left tail

probability, p. Thus, the relevant null and alternative hypotheses are

H0 : N/T = p

Ha : N/T 6= p,
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and the appropriate likelihood ratio statistic is

LR = 2

[
log

((
N

T

)N (
1− N

T

)T−N
)
− log

(
pN (1− p)T−N

)]
. (1)

This likelihood ratio is asymptotically χ2
1 distributed under the null that p is the true probability

the VaR is exceeded. With a certain confidence level, say 100 · (1− α) percent, we can construct

nonrejection regions that indicate whether a model is to be rejected or not. In accordance with

convention, α is set at 0.05. For a number of left tail probabilities and evaluation sample sizes the

nonrejection regions are tabulated below. Clearly, the smaller the left tail probability, the more

difficult it gets to confirm deviations, especially when the evaluation sample size is small.

Table 2: Nonrejection regions according to Kupiec’s back-test.

left tail evaluation sample size
probability 250 500 750 1000

5.00% 7 ≤ N ≤ 19 17 ≤ N ≤ 35 27 ≤ N ≤ 49 38 ≤ N ≤ 64
1.00% 1 ≤ N ≤ 6 2 ≤ N ≤ 9 3 ≤ N ≤ 13 5 ≤ N ≤ 16
0.50% 0 ≤ N ≤ 4 1 ≤ N ≤ 6 1 ≤ N ≤ 8 2 ≤ N ≤ 9
0.10% 0 ≤ N ≤ 1 0 ≤ N ≤ 2 0 ≤ N ≤ 3 0 ≤ N ≤ 3
0.01% 0 ≤ N ≤ 0 0 ≤ N ≤ 0 0 ≤ N ≤ 1 0 ≤ N ≤ 1

The size of the test is 5%.

One may wonder whether we can relate Kupiec’s back-test to the Basle accord regulations for

the Internal Model approach. Note that the Kupiec back-testing procedure is based on a two-

sided statistical test; both high and low failure rates lead to a possible rejection of a model. In

particular, models that are too conservative are turned down, whereas the Basle accord directives

only penalise models that underestimate the Value-at-Risk. For banks, however, it is not only

important to know whether their model underpredicts the Value-at-Risk, but it is also important

to know whether the model is too conservative because that would unnecessarily jeopardise their

profit opportunities. Hence, for banks, the two-sided back-test is fit for the job of model evaluation.

For bank supervision purposes, only too low VaR calculations are important, and therefore a one-

sided test, for instance a quantile of the binomial distribution, is more appropriate.

For an evaluation sample size of 250 trading days, and a left tail probability of 1 percent, as

prescribed by the Basle Committee, the critical value of the one-sided test equals 6 at a confidence

level of 95 percent. That is to say, a VaR model should be rejected if it renders VaR predictions

that are violated more than 5 times in a back-testing period of 250 trading days. The Basle penalty

scheme is slightly more stringent as it starts imposing an extra capital charge for VaR violations

over 4.4 The subsequent gradual increase of the multiplication factor has no clear statistical

4The probability of finding 5 or more violations of the VaR in 250 days is about 10.8%.
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background. It merely reflects the loss function of the Basle Committee.

3 Value-at-Risk techniques applied to the AEX

In this section, various VaR techniques will be applied to the the Dutch stock market index

AEX. First, the data are analysed in order to get an idea of the stylised facts of stock market

returns. Then, Variance techniques are discussed, beginning with static variances and followed by

conditional heteroskedasticity techniques. Third, historical simulation and tail index estimation

are investigated. Finally, the results for the AEX are summarised.

Throughout the analysis, a holding period of one day will be used. Various values for the left

tail probability level will be considered, ranging from the very conservative level of 0.01 percent to

the less cautious 5 percent. The various VaR models will be estimated using the data preceding

the last thousand days of the sample, which will be used to evaluate them by means of Kupiec’s

back-test. So all models are evaluated ‘out-of-sample’ as opposed to ‘in-sample’.

3.1 Data

There is an abundance of possibilities when it comes to the composition of a portfolio. One may

include stocks, bonds, stock options, bond options, futures contracts, barrier options, caps, floors

and many more financial instruments. Financial institutions typically hold portfolios comprising

a multitude of assets. In this paper, however, we shall concentrate on the stock market. For an

analysis of Value-at-Risk of portfolios invested in the bond market we refer to Vlaar (1998).

The analysis of portfolio risk can become very complicated indeed if one tries to examine large

(stock) portfolios straight away. Moreover, information on the frequently changing composition

of real life portfolios that would be needed to construct a realistic portfolio, is hard to come by.

That is why we shall restrict ourselves, as far as the empirical evaluation of VaR techniques is

concerned, to the simplest non-trivial portfolio possible, namely a portfolio consisting of a single

stock index, starting with the AEX.

The AEX is an equity basket consisting of a 25 Dutch stocks in different weights. Throughout

the analysis, it will be used as a representative stock. We have a sizeable time series of 4039 daily

data at our disposal running from 3 January 1983 to 17 December 1998. During that time span, a

period of 16 years, the index rose from 100 to 1113, or about 16 percent a year. Some descriptive

statistics of the data are shown in Table 3.

The table shows that the average daily return is about 0 percent, or at least negligibly small

compared to the sample standard deviation. This is why the mean is often set at zero when

modelling daily portfolio returns, which reduces the uncertainty and imprecision of the estimates;

see e.g. Figlewski (1994). Also, a model’s parsimony is considered a virtue.
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Table 3: Summary statistics for the AEX: 1983–1998.
number of observations 4038
mean 0.060%
median 0.079%
maximum 11.164%
minimum -12.805%
standard deviation 1.187%
skewness -0.523
kurtosis 14.534

From an inspection of the correlogram of the daily return series we conclude that there is

hardly any evidence of autocorrelation in the data, at least for the first eighth lags. See Table 4.

Table 4: Autocorrelation in AEX returns: 1983–1998.
lag ACF PACF Box-Ljung prob
1 -0.006 -0.006 0.166 0.684
2 -0.016 -0.016 1.162 0.559
3 -0.002 -0.002 1.178 0.758
4 0.017 0.017 2.315 0.678
5 0.024 0.025 4.729 0.450
6 -0.008 -0.007 4.999 0.544
7 0.005 0.005 5.086 0.650
8 0.038 0.038 10.900 0.207

A plot of the log returns displays the volatility clustering phenomenon: large and small swings

tend to cluster, see Figure 1. As is intuitively immediately clear, this will turn out to be important

for the measurement of risk; the Value-at-Risk will be higher in tumultuous times than when the

financial markets are in smooth waters. Furthermore, the maximum and minimum statistics are

quite large in absolute value, indicating the presence of extreme returns. This is supported by

the occasional extreme spikes in Figure 1 and the high sample kurtosis, which is indicative of the

fatness of the tails of the distribution. Clearly, the most striking example of extreme instability in

our data set was the stock market crash of October 1987 (round about trading day number 1200

in Figure 1).

3.2 Variance methods

In this subsection, a multitude of VaR techniques will be treated that are all based on some

assumption concerning the distribution of portfolio returns. In particular, these so-called variance

methods all relate the Value-at-Risk of a portfolio directly to the variance or standard deviation

of the portfolio returns. Intuitively, the larger the variance of a portfolio return, the more likely

the occurrence of large swings in the portfolio value, and the larger the Value-at-Risk.
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Figure 1: Log return series of the Dutch stock index, AEX.

By way of introduction we will discuss the at first sight rather näıve static methods, that

disregard the volatility clustering phenomenon mentioned in the previous chapter. After that,

we shall look at a methodology that does consider volatility clustering, namely the Generalised

Autoregressive Conditional Heteroskedasticity, or GARCH model Bollerslev (1986).

3.2.1 Static Models

Normality

The vast majority of VaR models based on variance techniques assume the normal distribution. As

it is widely believed that high frequency financial return data have fatter tails than can be explained

by the normal distribution, this artefact seems odd. However, the normal distribution entails some

very convenient characteristics, that do not carry over to other distributions. First of all, the

parameters of the normal distribution are usually easier to estimate as there is often an analytical

solution for them. Especially for large models, this is an advantage. Second, and more important,

is the additivity of the normal distributions. The sum of two normally distributed variables is also

normally distributed. This characteristic is especially important for the calculation of multi-day

VaRs based on one-day VaRs — a feature of the Basle guidelines. Assuming independence of

normally distributed returns and a mean return of zero, it can easily be shown that:

V aR(T ) ≈
√

T V aR(1). (2)
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Formula (2) is known as the square root of time rule. It is quite useful when one needs to determine

the T -periods-ahead risk of a portfolio on the basis of one-period-ahead return data. Owing to its

simplicity, the square root of time rule is often applied in other VaR models, even though in most

models this is inappropriate, either because of the fact that such models do not assume a normal

or other sum-stable distribution5, or because of the fact that the return data is not assumed to

be independent.

Another interesting consequence of the additivity characteristic is the fact that the marginal

distribution of a multivariate normal distribution is also normally distributed. Consequently the

risk of a large multivariate linear portfolio can easily be expressed in the risks of the individual

components.

Assuming independent and identically normally distributed (log) returns:

rt
iid∼ N (µ, σ2)

the Value-at-Risk boils down to

V aR = −W0

(
eµ+σΦ−1(p) − 1

)
, (3)

where W0 is the initial value of the portfolio, and Φ(·) represents the cumulative distribution

function of the standard normal probability distribution. The parameters µ and σ can be efficiently

estimated by means of (log) likelihood maximisation which for this simple model boils down to least

squares estimation. Applying the normal distribution to our AEX portfolio, using an evaluation

sample consisting of the last 1000 days and an estimation sample consisting of the preceding

data, we end up with the following parameter estimates. The maximum mean log likelihood is

3.0371008.

parameter estimate standard error

µ 0.0470% 0.02106%

σ 1.1608% 0.00035%

Let us apply this normal fit to calculate the VaR. The table clearly shows the poor performance

of the normal model. For the smaller left tail probabilities, the failure rates are quite high. This

means that the mass in the tails of the distribution is underestimated, which is consistent with

the assertion that stock returns are heavy tailed. Hence, the actual VaR is higher in these cases.

Kupiec back-tests reject the normal model for left tail probabilities of 1 percent or smaller. Only

5The class of sum-stable distributions is characterised by the fact that sums of random variables from a sum-
stable distribution again follow that sum-stable distribution.
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for a left tail probability of 5 percent is the normal model not rejected.

left tail VaR standard failure rate

probability estimate error (times 1000)

5.00 % 1.85 0.032 53

1.00 % 2.62 0.039 26†
0.50 % 2.90 0.042 22†
0.10 % 3.48 0.049 12†
0.01 % 4.18 0.057 8†

Throughout the analysis a dagger (†) indicates the failure rate differs

significantly from the corresponding left tail probability according

to Kupiec’s (two-sided) back-test at a 95 percent confidence level.

The Student-t Distribution

Now that we’ve concluded the normal model underestimates the probability mass out in the tails,

it seems natural to try a distribution that has ‘fatter’ tails, i.e. a distribution that generates more

realisations in the tails than is to be expected on the basis of a normal distribution. The Student-

t distribution can deal with this phenomenon called leptokurtosis. The Student-t probability

distribution is characterised by three parameters: the location parameter, µ, the scale, γ > 0, and

the degrees of freedom parameter, ν > 0. A random variable X that is Student-t distributed has

a mean equal to µ, provided ν > 1, and a variance equal to νγ2/(ν − 2), if ν > 2.6 For ν → ∞,

the t-distribution reduces to the normal distribution with mean µ and variance γ2. The smaller ν

gets, the fatter the tails are.

Let us assume the log portfolio returns rt follow a t-distribution. Then the log likelihood

function equals

L = T

[
log Γ

(
ν + 1

2

)
− log Γ

(ν

2

)
− 1

2
log πν − log γ

]
−

ν + 1
2

T∑
t=1

log

(
1 +

(
rt − µ

γ
√

ν

)2
)

(4)

where Γ(·) is the Gamma function.7 Unfortunately, in contrast to the normal distribution, no

analytical expressions are available for the maximum likelihood estimates of µ, γ and ν. Likelihood

optimisation has to be done numerically. Applying the Student-t fit to our AEX portfolio, one

6In fact, all moments up to (but excluding) the ν-th moment exist.
7The Gamma function is defined as Γ(α) =

∫∞
0 e−xxα−1dx. In particular, Γ

(
1
2

)
=
√

π.
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gets the following parameter estimates. The maximum mean log likelihood is 3.1807817.

parameter estimate s.e.

µ 0.0763% 0.0161%

γ 0.7329% 0.0168%

σ 1.1549% 0.0434%

ν 3.3489 0.2159

The Value-at-Risk can be expressed as follows:

V aR = −W0

(
eµ+γF−1

ν (p) − 1
)

, (5)

where Fν(·) is the cumulative distribution function of a standardised t distributed random variable.

The VaR estimates are:

left tail VaR failure rate

probability estimate (times 1000)

5.00 % 1.57 69†
1.00 % 2.95 21†
0.50 % 3.72 10†
0.10 % 6.16 0

0.01 % 12.10 0

As the table indicates, most failure rates are not very close to the corresponding left tail

probabilities, certainly for the less conservative levels. Kupiec back-tests lead to rejection of the

model for the 5, 1 and 0.5 percent level. At the more cautious levels, the failure rates do not

differ significantly from their left tail probabilities. Here, the t-distribution clearly outperforms

the normal fit. The probability mass far out in the tails is far more adequately captured by this

heavy tailed distribution. However, the power of Kupiec’s back-test is rather limited at these

levels.

In the static normal model we were able to express the T -periods-ahead Value-at-Risk in terms

of the one-period-ahead Value-at-Risk. Although the square root of time rule is not valid in the

case of a t-distribution, it will be applied anyway, as there is no analytical alternative. In order

to get a proper 10-day ahead VaR, one would need to perform Monte Carlo simulation.

Mixtures of Distributions

As the t-distribution does not capture the lower confidence levels, whereas the normal distribution

does not capture the high ones, an alternative might be to consider mixtures of distributions. Most
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of the time, stock return deviations are relatively moderate. But every once in a while large swings

occur and the volatility seems to jump to a higher level. One might say that a large proportion

of the data is generated by a distribution with a relatively low variance, and that the remainder

follows a distribution with a relatively high variance. This view is inspired by the literature on

target zone exchange rates where one clearly discerns different volatility levels associated with

different realignment probabilities, see e.g. Vlaar and Palm (1993).

We shall look at the simplest mixture distribution, namely a time-independent mixture of two

normal distributions, the static Bernoulli-normal jump model, where we assume that stock returns

follow a normal distribution with variance σ2 with probability 1 − λ, and a normal distribution

with a higher variance τ2 = σ2 + δ2 > σ2 with probability λ. Thus the volatility level is in times

of instability augmented by δ2. Empirically, the stock return mean does not seem to be affected

by volatility jumps, so we will model it by a constant parameter µ. The log likelihood function

reads

L =
T∑

t=1

log
{

1− λ

σ
ϕ

(
rt − µ

σ

)
+

λ

τ
ϕ

(
rt − µ

τ

)}
, (6)

where ϕ(·) is the density function of the standard normal distribution. Likelihood maximisation

has to be done numerically as there are no analytical expressions for the ML estimators. The

maximum mean log likelihood applied to the AEX amounts to 3.1733492.

parameter estimate s.e.

µ 0.0798% 0.0167%

σ 0.8151% 0.0184%

δ 2.7903% 0.2026%

λ 0.0879 0.0134

Note that the jump probability estimate is about 8 percent. This means that 92 percent of the

time we find ourselves in the low variance distribution, and 8 percent of the time the high variance

distribution prevails. As for the evaluation of the model, far out in the tail the performance is

quite good. For higher confidence levels the performance is disappointing however. For the left
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tail probability of 5 percent the failure rate is even higher than for the Student-t.

left tail VaR failure rate

probability estimate (times 1000)

5.00 % 1.49 75†
1.00 % 3.37 14

0.50 % 4.42 5

0.10 % 6.33 0

0.01 % 8.42 0

3.2.2 The GARCH Model

An important omission of the static models is that they do not take the volatility clustering into

account. By far the most popular model to model this phenomenon is the so called Generalised

Autoregressive Conditional Heteroskedasticity, or GARCH, model introduced by Bollerslev (1986).

It is an extension of the Autoregressive Conditional Heteroskedasticity, or ARCH, model by Engle

(1982). In the GARCH model we start by defining an innovation ηt+1, i.e., some random variable

with mean zero conditional on time t information, It. This time t information is a set including

the innovation at time t, ηt ∈ It, and all previous innovations, but any other variable available at

time t as well. In finance theory, ηt+1 might be the innovation in a portfolio return.

In order to capture serial correlation of volatility, or volatility clustering, the GARCH model

assumes that the conditional variance of the innovations, σ2
t ≡ Var[ηt+1|It], depends on the

latest past squared innovations—as is the assumption in the less general ARCH model—, possibly

augmented by the previous conditional variances. In its most general form, the model is called

GARCH(p, q), and it can be written as

σ2
t = ω +

p∑
j=1

βjσ
2
t−j +

q∑
i=1

αiη
2
t−i+1. (7)

As (7) shows, p lags are included in the conditional variance, and q lags are included in the squared

innovations. In this section, we shall regard these innovations as deviations from some constant

mean portfolio return:

rt+1 = µ + ηt+1, (8)

so that σ2
t is also the conditional variance of the portfolio returns. We can write the innovation

ηt+1 as σtεt+1, where εt+1 is assumed to follow some probability distribution with zero mean and

unit variance, such as the standard normal distribution.
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A great many empirical studies have proved it unnecessary to include more than one lag in the

conditional variance, and one lag in the squared innovations. This is why our point of departure

will be the GARCH(1,1) model:

σ2
t = ω + βσ2

t−1 + αη2
t , (9)

with ω > 0, β ≥ 0 and α ≥ 0 to ensure positive variances. Formula (9) nicely demonstrates the

essence of the volatility clustering feature in the GARCH model. If the market was volatile in the

current period, next period’s variance will be high, which is intensified or offset in accordance with

the magnitude of the return deviation this period. If, on the other hand, today’s volatility was

relatively low, tomorrow’s volatility will be low as well, unless today’s portfolio return deviates

from its mean considerably. Naturally, the impact of these effects hinges on the parameter values.

Note that for α + β < 1, the conditional variance exhibits mean reversion, i.e., after a shock it

will eventually return to its unconditional mean ω/(1− α− β). If α + β = 1 this is not the case,

and we have persistence.

Normality

In order to estimate these parameters by means of likelihood maximisation, one has to make

assumptions about the probability distribution of the portfolio return innovations ηt+1. First, we

shall consider Gaussian innovations,

εt
iid∼ N (0, 1), (10)

so that

ηt+1|It ∼ N (0, σ2
t ), (11)

leading to a conditional log likelihood of ηt+1 equal to

`t(ηt+1) = − log
√

2π − 1
2

log σ2
t −

η2
t+1

2σ2
t

. (12)

The log likelihood of the whole series η1, η2, . . . , ηT is

L =
T∑

t=1

`t(ηt+1). (13)

Let us apply the above to our AEX dataset. The mean log likelihood attained its maximum

at 3.1874773. The rest of the results are tabulated below. The evaluation of the VaR is shown

in Figure 2. These VaR predictions correspond to a left tail probability of 1 percent. The VaR
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fluctuates a lot over time with a maximum value of almost five times the minimum one.

parameter estimate s.e.

µ 0.0727% 0.0167%

ω 0.0005% 0.0001%

α 0.1063 0.0138

β 0.8587 0.0175

Figure 2: GARCH-normal VaR predictions at the 1 percent level.

left tail average VaR failure rate

probability estimate (times 1000)

5.00 % 1.76 54

1.00 % 2.51 17†
0.50 % 2.78 10†
0.10 % 3.34 3

0.01 % 4.02 1

The failure rates are not very satisfactory apart from the 54 in 1000 violations at the 5 percent

level. Still, the failure rates look a lot better than the static normal approach in the previous

section, especially for the more extreme events. We cannot reject the GARCH(1,1) model with
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normal innovations on the basis of a Kupiec back-test for the 0.1 and 0.01 percent left tail proba-

bilities. This can be explained by the fact that conditional heteroskedasticity causes fat-tailedness.

It can be shown that if the conditional distribution is normal and conditional heteroskedasticity

is present, the unconditional distribution is still fat-tailed. However, in view of the diminishing

power of the back-test out in the tail, one may utter the conjecture that, far out in the tail, the

normal GARCH model still underpredicts the probability mass.

RiskMetricsTM

As an alternative to the GARCH(1,1) model, or as a special case of this model really, US investment

bank J.P. Morgan introduced RiskMetricsTM, a VaR assessment method that basically restricts

both µ and ω to 0, and α to 1 − β in formula (9).8 Furthermore, the parameter β, called the

decay factor and renamed λ, is set at 0.94 for daily data.9 This makes estimation elementary,

since there are no parameters to estimate left. The portfolio return variance conditional on time

t information is just:

σ2
t = λσ2

t−1 + (1− λ)r2
t , (14)

or,

σ2
t = λtσ2

0 + (1− λ)
t−1∑
k=0

λkr2
t−k, (15)

where σ2
0 is some initial variance level. The effect of this initial variance dies out as time passes

since λ < 1. Hence, in practice, it may be fixed quite arbitrarily to the sample variance of the

whole series, for instance.

From the formulae above, it is clear that the conditional variances are modelled using an

exponentially weighted moving average: the forecast for time t is a weighted average of the previous

forecast, using weight λ, and of the latest squared innovation, using weight 1 − λ. See formula

(14). The RiskMetricsTM approach essentially boils down to keeping track of the return data and

using these along with the decay factor to update the conditional volatility estimates.

Note that the imposition of the restriction that α and β should sum to unity implies persistence

in the conditional variance, i.e., a shock moving the conditional variance to a higher level does

not die out over time but ‘lasts forever’. If there are no shocks offsetting this volatility increase,

the conditional variance will remain high, and won’t display mean-reverting behaviour. Hence,

today’s volatility affects forecasts of volatility into the future.

8See J.P. Morgan Bank (1996).
9The determination of this ‘optimal’ decay factor is based on minimisation of the mean squared variance forecast

error with respect to λ for a number of asset return series. The decay factor of 0.94 is a weighted average of individual
optimal decay factors.
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The results of applying the RiskMetricsTM method to our AEX portfolio are depicted in the

table hereunder.

left tail average VaR failure rate

probability estimate (times 1000)

5.00 % 1.78 56

1.00 % 2.51 21†
0.50 % 2.77 13†
0.10 % 3.31 6†
0.01 % 3.97 1

The back-test results are rather disappointing: most failure rates exceed the respective left tail

probabilities considerably. Not surprisingly, Kupiec tests reject the model for all left tail probabil-

ities except for the 5 percent level, at which the RiskMetricsTM approach performs exceptionally

well, and the extreme 0.01 percent level where model verification is problematic. Particularly at

the 1 percent and 0.5 percent levels does RiskMetricsTM do worse than the GARCH(1,1) with

normal innovations, probably due to the fact that all parameters are fixed.

The merit of the RiskMetricsTM approach becomes clear once we consider larger portfolios;

other methods generally have to see that they manage a rapidly increasing number of parameters

as portfolios become more extensive, whereas J.P. Morgan’s approach deals with this issue by

fixing the parameters.

Student-t Innovations

To remedy the problems in the tails one may try other assumptions regarding the distribution of

the innovations. By analogy with the previous section we will look at the heavier tailed Student-t

distribution. The conditional log likelihood of ηt+1 reads

`t(ηt+1) = log Γ
(

ν + 1
2

)
− log Γ

(ν

2

)
− 1

2
log π(ν − 2)− log σt −

ν + 1
2

log

(
1 +

(
ηt+1

σt

√
ν − 2

)2
)

. (16)

Note that our assumption of a unit—and hence finite—error variance restricts the degrees of

freedom parameter ν to values above 2. Applying the GARCH(1,1) model with Student-t errors

to our AEX portfolio with our usual estimation and evaluation periods, we find the following

parameter estimates at a maximum mean log likelihood of 3.2275759.
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parameter estimate s.e.

µ 0.0796% 0.0152%

ω 0.0003% 0.0001%

α 0.0780 0.0131

β 0.8952 0.0173

ν 5.7728 0.5615

The average VaR estimates are presented in the table that follows.

left tail average VaR failure rate

probability estimate (times 1000)

5.00 % 1.65 58

1.00 % 2.72 10

0.50 % 3.22 4

0.10 % 4.56 1

0.01 % 7.04 0

The GARCH(1,1) with t distributed innovations performs quite well for all confidence levels.

For none of the left tail probability levels are we able to reject the model on the basis of a Kupiec

back-test. On the whole its performance is superior to the GARCH(1,1) with normal innovations.

If we compare the dynamic model of this section to the static Student-t of the previous section, we

can conclude that the GARCH(1,1) model with t errors does also better than its static pendant.

Ergo, it is the best model so far.

Bernoulli-Normal Mixture

The second fat-tailed distribution considered is the Bernoulli-normal mixture. As there are two

normal distributions in the Bernoulli-normal jump process, the way GARCH effects are modelled

is not unique. We will assume that the variance of the first normal distribution follows a GARCH

process, whereas the second equals the first plus the jump variance.

rt+1|It ∼ (1− λ)N (µ, σ2
t ) + λN (µ, τ2

t ), (17)

where τ2
t = σ2

t + δ2 with δ2 the jump variance, and

σ2
t = ω + βσ2

t−1 + αη2
t , (18)

with ω, β and α > 0, and ηt = rt − µ.
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Numerical likelihood optimisation results in the following. The mean maximum likelihood is

3.2334819.

parameter estimate s.e.

µ 0.0763% 0.0153%

λ 0.0369 0.0096

δ 0.0255 0.0031

ω 1.8706·10−6 5.0650·10−7

α 0.0602 0.0090

β 0.9033 0.0144

left tail VaR failure rate

probability estimate (times 1000)

5.00 % 1.61 62

1.00 % 2.53 16

0.50 % 3.27 10†
0.10 % 5.17 1

0.01 % 7.33 0

The performance is somewhat disappointing. The Kupiec back-test rejects the model at 0.5

percent. The Student-t GARCH model clearly outperforms the Bernoulli normal mixture at all

probabilities except the lowest two for which they score the same. Compared with the static

mixture, both at 1 and 0.5 percent, the failure rates are worse.

3.3 Historical simulation

3.3.1 Plain

A different approach for VaR assessment is called Historical Simulation (HS). This technique is

nonparametric and does not require any distributional assumptions. This is because HS uses

essentially only the empirical distribution of the portfolio returns. It works as follows.

The sample of returns is split up into a number of equally long (overlapping) subsamples. The

length of a subsample, or window, is called the window size. If the sample size is T , and the

window size is n, we can construct T −n+1 subsamples, so that two subsequent subsamples have

all but one datum in common. Next, we pick the p-th percentile of each subsample, say Rp
t . This
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leaves us with an estimate of the portfolio’s VaR for each subsample:

V̂ aRt+1|t = −W0R
p
t . (19)

Thus, in order to obtain an estimate of next day’s VaR at time t, we use the portfolio return

at time t and the n − 1 preceding returns. Hence, Historical Simulation is just taking sample

percentiles over a moving sample.

Suppose we want to use HS to predict a portfolio’s Value-at-Risk at a confidence level of 1

percent and the window size is chosen to be 250 trading days. Then the 1 percent sample percentile

is some amount between the second worst portfolio loss and the third worst portfolio loss. We

decide to determine the Value-at-Risk through interpolation; in this case the VaR lies halfway

between the second worst portfolio loss and the third worst portfolio loss.

Note that HS puts the same weight on all observations in the chosen window, including old

data points, which may be an undesirable feature. The measure of risk may change abruptly once

an old observation is dropped from the window. The choice of the window size n is open to debate.

In case of a short window size, VaR estimates will be very sensitive to accidental outcomes from

the recent past. A long window size, on the other hand, has the disadvantage that past data are

included which might no longer be relevant to the current situation.

Let us employ the HS approach for our AEX portfolio. To this end we set the evaluation period

equal to the last thousand trading days, and predict the VaR for different window sizes and left

tail probabilities. In the tables below we report the average of the VaR estimates across time for

these window sizes and left tail probabilities, as well as the accompanying failure rates. In the last

two columns the results can be found for the maximum window size given the evaluation period

of a thousand trading days. These results are best compared with the results for the variance

techniques, especially the static ones.

window size 250 500

left tail average VaR failure rate average VaR failure rate

probability estimate (times 1000) estimate (times 1000)

5.00 % 1.64 67† 1.44 75†
1.00 % 2.80 15 2.53 22†
0.50 % 3.19 9 3.08 12†
0.10 % — — — —
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window size 1000 T − 1000 = 3038

left tail average VaR failure rate average VaR failure rate

probability estimate (times 1000) estimate (times 1000)

5.00 % 1.28 94† 1.56 69†
1.00 % 2.44 22† 3.17 16

0.50 % 2.84 12† 4.18 7

0.10 % 4.33 5† 7.25 0

The failure rates are not always close to their corresponding left tail probabilities, and usually

exceed them. Apparently, the Value-at-Risk estimates for the last thousand days in the sample are

too low for most window sizes and left tail probabilities. The market risk must have been smaller

in the preceding period. Broadly speaking, in this sample, the HS approach seems to accurately

predict the VaR for the more conservative left tail probabilities but only for a window size of 250

days and for the maximum window size.

Note that in case of our 0.1 percent left tail probability, HS makes no sense for windows smaller

than 1000 days, because for those windows it is not possible to determine the 0.1 sample percentile.

In general, it is not possible to make VaR predictions using HS for left tail probability levels smaller

than the reciprocal of the window size. Hence, the HS approach is useless for predicting extreme

risks if one is not willing to employ a window size of substantial length.

Figure 3: AEX Value-at-Risk predictions using HS.
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Depending on the choice for the window size, the VaR predictions may be viscose or volatile:

large windows keep data points for a long time which can lead to sustained periods of constant

VaR predictions, while small windows eject data points relatively fast resulting in swift changes

in the VaR predictions. See Figure 3 for an illustration of this. (The VaR predictions in Figure 3

are based on a left tail probability level of 1 percent and window sizes of 250 and 1000 days.) For

a detailed evaluation of Value-at-Risk models using HS, see Hendricks (1996).

3.3.2 Tail index estimators

The fact that no distribution has to be estimated is an important advantage of historical simulation.

However, the method also involves some drawbacks. First, as mentioned before, it is not possible to

calculate VaRs for confidence intervals that are smaller then one over the window size. Second, the

empirical distribution function is a step function. Especially far out in the tails of the distribution

this discrete approximation of the true distribution function can cause biased results. As risk

management is especially concerned with extreme observations, these objections might be serious.

Both drawbacks can be remedied by fitting a smooth function through the tail of the distribution.

This is essentially what tail index estimation does. The form of this function follows from Extreme

Value Theory.10 Extreme Value Theory concerns the asymptotic behaviour of extreme order

statistics, such as the maximum and the minimum. This is what makes Extreme Value Theory

of particular importance to Value-at-Risk analysis: we want to study the behaviour of extremely

low returns that cause large losses. It can be shown that for every fat-tailed distribution, the

distribution of the tail converges to the tail of a Pareto distribution:11

Fα(x) = 1− sαx−α, x > s,

where s can be regarded as a threshold level above which the Pareto distribution holds.12

Hill’s Estimator

Under the assumption that this threshold level s is known, the maximum likelihood estimator of

the reciprocal of the tail index, γ ≡ 1/α, is easily obtained:

γ̂H ≡ 1̂/αML =
1
n

n∑
i=1

log
Xi

s
(20)

This estimator is known as the Hill estimator, introduced in Hill (1975). In practice, the threshold

level s needs to be determined. In case the random sample X1, X2, . . . , Xn is known to be Pareto

10See e.g. Bain and Engelhardt (1987), Chapter 8, Embrechts, Klüppelberg, and Mikosch (1997), and Feller
(1971), Section VIII.8.

11See De Haan and Stadtmüller (1996).
12In the analysis of Value-at-Risk, x represents the portfolio’s loss.
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distributed, we might estimate s by X1:n, the minimum order statistic, but the fact is, that we are

not dealing with a Pareto distribution, but with a distribution that has a right tail that looks—at

least to a first approximation—like the tail of a Pareto distribution. As a consequence, there has to

be some level, say s, below which the Pareto law applies. The idea is to estimate equation 20 with

only the observations that are greater than s, with s replaced by the minimum observation that is

tolerable. The problem is of course to determine the optimal number (m) of extreme observations

to include.13

Once the tail index has been estimated, large quantile estimates can be obtained as follows.

Consider two tail probabilities p and q, p < q. Let xp and xq denote the corresponding quantiles.

Hence, p ≈ ax−α
p and q ≈ ax−α

q . Combining these two expressions yields xp ≈ xq(q/p)1/α. Set

xq = Xn−m+1:n, the n−m+1-th ascending order statistic, which is in fact the threshold level.

Then q ≈ m/n by the empirical distribution function. The quantile xp may then be estimated by

x̂p = Xn−m+1:n

(
m

np

)1̂/α

. (21)

Let us apply the Hill tail index estimation approach to our fictitious investment in the AEX.

In this example, the optimal cut off level m̂n turns out to be 47. Given the 3038 observations

in the estimation sample, this means that the Pareto approximation is only optimal for left tail

probabilities up to 1.5%. The tail index estimate equals 2.81, implying finite first and second

moments but unbounded higher moments for the distribution of AEX returns.

left tail VaR failure rate

probability estimate (times 1000)

5.00 % 1.79 55

1.00 % 3.15 17†
0.50 % 4.01 9

0.10 % 7.00 0

0.01 % 15.20 0

Only at the 1 percent left tail probability level does the Kupiec back-test reject the model. At

the 0.5 percent level, the model is not rejected, but only just. Far out in the tail, there is no reason

to assume the model over- or undervalues the Value-at-Risk. Do bear in mind, however, that there

is almost no power at these extreme levels. Note that the corresponding Value-at-Risk estimates

are considerably higher than the ones we saw in the previous chapter. One might very well argue

13We apply the approach of Dańıelsson and De Vries (1998). They choose the threshold level such that the
estimator’s asymptotic mean squared error is minimized.
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that the extreme portfolio risk resulting from the tail index estimation method is more accurate

than the extreme risk predicted by the more conventional techniques because of the statistical

foundations behind tail shape of the distribution, provided we are willing to make the assumption

of fat tails.

An interesting feature is that if we want to know the VaR over a longer holding period on the

basis of daily data, say T days ahead, we can apply the so-called α-root of time rule:14

V aR(T )
p ≈ α

√
T V aR(1)

p . (22)

This approximation follows from extreme value theory.

Compare this to the square root of time rule mentioned earlier. Suppose that the tail index is

larger than two, α > 2. (This means that the variance is finite.) The reciprocal of the tail index

is smaller than a half in this case. Ergo, if we are willing to believe we are dealing with a heavy

tailed distribution with finite variance, the square root of time rule overrates the T -periods-ahead

Value-at-Risk. For instance, if we consider the AEX Value-at-Risk estimate at the 1 percent left

tail probability level, the 10-days-ahead Value-at-Risk will be about 2.81
√

10 3.15 = 7.15 currency

units which is less than the 9.96 currency units that would result had we used the square root of

time rule.

Least squares tail Estimator

A different approach to the estimation of the tail-index was suggested by Van den Goorbergh

(1999). As the basic assumption of fat tails implies the tails decline by a power, like the Pareto

distribution, we have that below a certain threshold level

F (x) ≈ ax−α, (23)

where a, α > 0. After taking logarithms we find

log F (x) ≈ log a− α log x. (24)

The idea of the new approach is to estimate a and α in the above equation by means of

least squares, where x is replaced by the extreme portfolio returns and F (x) by the empirical

distribution function of the portfolio returns. The optimal cut-off point is determined by estimating

the equation for a range of possible values, and choosing the one for which the R2 is the highest.

The Value-at-Risk for a portfolio with initial value W0 can subsequently be estimated as:

V aR ≈ −W0

[
exp

(
−(â/p)1/α̂

)
− 1
]
. (25)

14See e.g. Dańıelsson and De Vries (1998).
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According to this method, the optimal number of extremes to include for our investment in

the AEX equals 151, which implies a proper approximation up until a probability of 5%. The

tail index is estimated at 2.42 which implies that the mean and variance of the stock returns

are finite, but all higher moments are unbounded. Moreover, the square root of time rule for

converting the one-period-ahead Value-at-Risk into a T -periods-ahead Value-at-Risk overvalues

the T -periods-ahead Value-at-Risk. The scaling constant estimate equals 2.61·10−6.

left tail VaR failure rate

probability estimate (times 1000)

5.00 % 1.68 60

1.00 % 3.24 17†
0.50 % 4.29 8

0.10 % 8.18 0

0.01 % 19.85 0

The performance of the least squares tail estimation approach is not very convincing for the higher

left tail probability levels—the Kupiec back-test rejects the model at the important 1 percent level.

It is quite similar to the performance of the Hill tail index estimation technique. Again, the VaR

predictions are substantially higher than in the previous chapter. However, due to the possibility

to apply the α-root of time rule instead of the square root of time rule, the resulting capital charge

might very well be lower.

3.4 Review of the AEX Results

In this section we have encountered a multitude of models to assess the Value-at-Risk of a portfolio

consisting of a single stock index. An empirical evaluation of these models was done by means of

a fictitious investment in the Dutch stock index AEX. For each VaR model an evaluation period

of a thousand trading days was used so that their performances can be compared. Here we repeat

the results for all VaR techniques that we have seen.

Table 5 recapitulates the (average) AEX Value-at-Risk predictions for various left tail prob-

abilities along with the corresponding failure rates multiplied by 1000. Recall that a dagger (†)
marks failure rates significantly different from their left tail probability on the basis of Kupiec’s

back-test at a 95 percent confidence level. A dash (—) indicates no VaR predictions can be made

due to an insufficiently large window size.

The various VaR techniques are classified according to their distinguishing characteristics.

First, the results for the three static variance VaR methods are tabulated, followed by the GARCH

related VaR techniques including J.P. Morgan’s RiskMetricsTM. Finally, we have the nonpara-
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Table 5: Mean VaR and failure rates for the AEX.

left tail probability 5.00 % 1.00 % 0.50 % 0.10 % 0.01 %
ideal failure rate (×1000) 50 10 5 1 0.1

static 1.85 2.62 2.90 3.48 4.18
normal 53 26† 22† 12† 8†
static 1.57 2.95 3.72 6.16 12.10

Student-t 69† 21† 10† 0 0
static mixture 1.49 3.37 4.42 6.33 8.42

of normals 75† 14 5 0 0
GARCH 1.76 2.51 2.78 3.34 4.02

normal innovations 54 17† 10† 3 1
J.P. Morgan’s 1.78 2.51 2.77 3.31 3.97

RiskMetricsTM 56 21† 13† 6† 1
GARCH 1.65 2.72 3.22 4.56 7.04

Student-t innovations 58 10 4 1 0
mixture of normals 1.61 2.53 3.27 5.17 7.33

with GARCH 62 16 10† 1 0
Historical Simulation 1.56 3.17 4.18 7.25 —

(maximum window size) 69† 16 7 0 —
tail index estimation 1.79 3.15 4.01 7.00 15.20

(Hill estimator) 55 17† 9 0 0
tail index estimation 1.68 3.24 4.29 8.18 19.85

(least squares principle) 60 17† 8 0 0

metric method of historical simulation and the related tail index estimation VaR techniques. For

the historical simulation method, the results for the maximum window size are reported in order

to make a more or less fair comparison with the other VaR techniques that all use an estimation

sample of that size.

Once again, the superiority of the GARCH(1,1) model with Student-t innovations is demon-

strated: at none of the left tail probabilities examined is this model rejected. Moreover, at almost

all probability levels it outperforms the other models in that its failure rates are closest to the

ideal failure rates in most cases. Do bear in mind, however, that this doesn’t mean one should use

the Student-t GARCH model in each and every application; the model happens to perform well

in our specific portfolio setting. Had we for instance concentrated on the bond market instead of

the stock market, we might have reached different conclusions. Moreover, we cannot extrapolate

our findings to the multivariate case of a portfolio consisting of more than one stock. Therefore,

prudence is in order.

In Figure 4, the failure rates for all left tail probabilities up to 5% are shown. It is remarkable

that the actual failure rates are almost always higher than expected for all methods and all left

tail probabilities. For none of the methods is the actual failure rate within the 95% confidence

band for all left tail probabilities, although the one for GARCH-t is very close. Regarding the

GARCH models, the good performance of the normal distribution for confidence levels above 1%
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stands out. RiskMetricsTM performs very good at the 5% level, but not for confidence levels lower

than 3%. Indeed, the most extreme losses are not well predicted by this method.

4 An Application to the Dow Jones

4.1 Introduction

In the previous section, Historical Simulation, variance methods and tail index estimation were

applied to an imaginary investment in the Dutch AEX stock index in order to elucidate the

various VaR techniques presented. For each technique, a period of about 3000 daily data was used

to estimate the Value-at-Risk, and a back-test was performed using the subsequent period of 1000

trading days. Of course, in practice, banks that use variance or tail methods are not likely to keep

parameters fixed for a very long time. They hope to reduce the effect of parameters changing in

time as much as possible by regularly re-estimating their VaR models. In this chapter we will

follow such a strategy of updating parameter estimates by re-estimating VaR models each year.

This time we will apply our various VaR models to a fictitious investment in the most well-

known American stock index, the Dow Jones Industrial Average. The main reason for doing so

is the profuse availability of daily data which is a crucial requirement for evaluating Value-at-

Risk models; the Dow Jones Industrial Average goes back to the nineteenth century. We shall

concentrate on the five most recent postwar decades to see which VaR techniques can accurately

predict the Value-at-Risk of an investment in the Dow Jones index. Moreover, we want to see

whether this Value-at-Risk has changed over time, and, if it has, to what extent.

In econometric forecasting a balance always has to be found regarding the number of past

observations included in the forecast. Including many past observations has the advantage of

reducing the random error in the estimates, but including too many entails the danger of an

overemphasis of irrelevant, old data points. The very nature of Value-at-Risk analysis—and large

quantile estimation in general—, obliges one to use a substantial amount of data in any case,

especially with regard to Historical Simulation and tail index estimation, putting this balance into

a different perspective than for other fields of study which do not require large data sets per se.

In view of this, we estimate the various VaR models presented in the previous chapters for each

year from 1960 onwards using the previous 10 years as estimation sample. On each occasion,

the VaR model is evaluated by means of a back-test using the portfolio returns of that year.

Subsequently, failure rates for the entire sample are computed by adding up the VaR violations

for each of the usual left tail probabilities, and relating these to the total number of trading days

in the sample, thereby increasing the power of discernment of Kupiec’s back-test in particular for

the more cautious confidence levels.
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Figure 4: Performance of VaR methods on the AEX for various left tail probabilities.
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4.2 Estimation results

The estimation results for the entire sample are presented in the tabulated form, whereas the

failure rates at the 1% confidence level for the individual years are presented in graphical form

(Figure 5). For each confidence level, Table 6 reports first the average failure rate. If this failure

rate was significantly different from the expected failure rate, it is printed in bold face. Next, the

standard deviation of the yearly failure rates is given, to give an idea of the dispersion of the rate

through time. Third, the number of years in which the failure rate was significantly higher than

expected (one-sided test) is noted. Next, the weighted sum of squared violation errors, WSSVE is

given, as a measure of overall performance. For each year the difference between the actual and

the expected number of VaR violations is squared, and multiplied by the fraction of trading days

of that year in relation to the total number of trading days in the entire sample. In order to get the

WSSVE, these numbers are added up across time. These four numbers give an idea of the accuracy

of the VaR. Next, the average VaR is shown to give an idea of the efficiency of the calculations.

For the 1% level, the average capital requirement is also given. It is computed by multiplying

the estimated VaR by the hysteria factor that results from the previous year’s back test result,

and either the square root of 10 —for the variance methods and for historical simulation— or the

α-root of 10 —for the tail estimators. The lowest number in each row is printed in italics.

The VaR techniques can be roughly classified into two categories: the conditional methods and

the unconditional methods. Unconditional methods are those that yield a constant VaR prediction

for each trading day in the year under examination. The static variance normals model, as well as

the tail index estimation methods belong to this class. In contrast, conditional methods predict

a different VaR for each trading day in the year under examination depending on the previous

days’ portfolio returns. Both Historical Simulation and the GARCH related VaR techniques

meet this qualification. The fact that conditional VaR methods incorporate new information

each day should make their predictive performance superior to the unconditional VaR methods if

the distribution of portfolio returns changes through time. Indeed, Table 6 clearly demonstrate

the superiority of the GARCH related VAR techniques when it comes to the accuracy of the

VaR. These methods handle periods with heavy fluctuations much better than the other methods.

Do note that historical simulation also performs considerably worse than the GARCH models.

Apparently HS hinges too much on the assumption that—within the window—the distribution

of portfolio returns is time-independent and moving this window each day cannot correct this

sufficiently. GARCH related methods are able to deal with this changing distribution much better

by attaching decaying weights to the past observations, so that past portfolio returns become less

and less important as time passes. The conditionality of the historical simulation method might be

improved by shortening the window. Indeed for a ten year window, HS is almost an unconditional

method.
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Table 6: Summary results for the Dow Jones VaR
normal Student-t Mixture Garch-normal RiskMetrics Garch-t Garch-mix historical Hill tail index LS tail index

failure rate 5% 0.0503 0.0612 0.0613 0.0501 0.0484 0.0539 0.0547 0.0558 0.0618 0.0523
st.dev. 0.0503 0.0524 0.0520 0.0221 0.0161 0.0215 0.0217 0.0474 0.0528 0.0501
#years 7 12 11 5 2 5 6 10 13 9
WSSVE 157.69 179.34 176.84 30.46 16.24 29.80 30.74 142.56 183.30 156.80
VaR 1.40 1.27 1.26 1.34 1.36 1.30 1.28 1.30 1.26 1.37
failure rate 1% 0.0184 0.0136 0.0133 0.0131 0.0153 0.0102 0.0139 0.0135 0.0178 0.0139
st.dev. 0.0292 0.0238 0.0223 0.0080 0.0082 0.0062 0.0089 0.0225 0.0294 0.0248
#years 8 6 8 5 7 1 7 7 9 7
WSSVE 57.86 36.16 31.75 4.65 5.91 2.36 5.87 32.36 58.12 39.57
VaR 1.99 2.16 2.20 1.91 1.92 2.03 1.89 2.11 2.04 2.20
Capital charge 20.05 21.58 22.02 19.04 19.51 19.89 18.94 21.07 13.38 14.82
failure rate 0.5% 0.0136 0.0068 0.0060 0.0075 0.0103 0.0048 0.0057 0.0063 0.0099 0.0076
st.dev. 0.0240 0.0140 0.0136 0.0053 0.0062 0.0041 0.0046 0.0117 0.0210 0.0168
#years 10 5 6 6 11 1 2 7 7 7
WSSVE 40.83 12.51 11.74 2.19 4.17 1.04 1.36 8.64 29.07 18.24
VaR 2.20 2.61 2.90 2.12 2.12 2.35 2.21 2.62 2.53 2.74
failure rate 0.1% 0.0070 0.0018 0.0019 0.0035 0.0049 0.0016 0.0014 0.0016 0.0023 0.0019
st.dev. 0.0145 0.0048 0.0057 0.0042 0.0045 0.0022 0.0026 0.0037 0.0059 0.0053
#years 9 4 4 8 15 1 2 3 4 4
WSSVE 15.58 1.54 2.12 1.48 2.22 0.32 0.45 0.89 2.32 1.81
VaR 2.64 3.90 4.42 2.54 2.54 3.17 3.97 4.49 4.17 4.64
failure rate 0.01% 0.0038 0.0003 0.0006 0.0019 0.0020 0.0003 0.0004 0.0003 0.0003
st.dev. 0.0072 0.0014 0.0021 0.0027 0.0027 0.0011 0.0012 0.0014 0.0014
#years 13 2 4 15 16 3 4 2 2
WSSVE 4.16 0.13 0.30 0.67 0.69 0.07 0.10 0.13 0.13
VaR 3.17 6.64 6.01 3.06 3.05 4.58 6.43 8.59 10.19

Note: For each confidence level the following statistics are given: (1) the mean failure rate, (2) the standard deviation of the yearly failure rates, (3) the number

of years, out of 39, with a failure rate significantly higher than the prescribed confidence level according to a 5% significance level, (4) the weighted sum of squared

violation errors, and (5) the mean VaR. For the 1% confidence level the mean resulting capital requirement is also computed. Mean failure rates that are significantly

different from the prescribed confidence level according to the Kupiec back-test are in bold face. Lowest figures in a row are in italics.
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Figure 5: Yearly VaR violations for the Dow Jones at the 1 percent level.

Static models

0

5

10

15

20

25

30

35

19
60

19
62

19
64

19
66

19
68

19
70

19
72

19
74

19
76

19
78

19
80

19
82

19
84

19
86

19
88

19
90

19
92

19
94

19
96

19
98

normal Student-t normal mixture

GARCH models

0

5

10

15

20

25

30

35

19
60

19
62

19
64

19
66

19
68

19
70

19
72

19
74

19
76

19
78

19
80

19
82

19
84

19
86

19
88

19
90

19
92

19
94

19
96

19
98

normal Student-t normal mixture RiskMetrics

Historical and tail index models

0

5

10

15

20

25

30

35

19
60

19
62

19
64

19
66

19
68

19
70

19
72

19
74

19
76

19
78

19
80

19
82

19
84

19
86

19
88

19
90

19
92

19
94

19
96

19
98

Historical Simulation Hill tail estimator least squares tail estimator

33



Figure 5 display the number of VaR violations for each year for the various VaR techniques

at the 1 percent left tail probability level—the probability prescribed by the Basle regulations.

Furthermore, two horizontal lines indicate the boundaries of the different zones of the Internal

Model approach; if a bar rises above the lower horizontal line, the Green Zone of the penalty

scheme described in Section 2.1 is left and the Yellow Zone is entered, and if the upper horizontal

line is exceeded, we find ourselves in the Red Zone. Recall that in the Green Zone, the VaR

scaling factor is three, in the Yellow Zone it is gradually increased, and in the Red Zone it reaches

its maximum, four. In the Red Zone a bank is likely to be obliged to revise its internal model

altogether.

These graphs clearly demonstrate the inability of the unconditional methods to cope with

critical years such as 1962, 1973, 1974, 1987 and 1998, during which the Value-at-Risk is severely

underestimated. On top of that, a substantial amount of years yield no VaR violations at all when

ideally one would expect 2 or 3 violations. Due to the fact that the VaR is not adjusted during

the evaluation year, the Value-at-Risk for what turns out to be a very risky year is undervalued

if it is preceded by a relatively tranquil period, since VaR prediction are made on the basis of

this relatively tranquil period, and no adjustments are made in the course of the evaluation year,

even though new information that becomes available each trading day omens increased market

volatility. Likewise, Value-at-Risk predictions based on periods with heavy fluctuations are too

high if the year they pertain to is not very volatile. Things are quite different for the GARCH

related approaches. Not even once is the Red Zone entered, and the number of Yellow Zone VaR

violations is limited, in particular for the Student-t distribution. Note also that the RiskMetricsTM

approach does rather well given the fact that all its parameters are fixed.

The weighted sum of squared violation errors reaffirm the marked discrepancy between VaR

techniques that use GARCH and those that do not, also for other left tail probabilities. The

GARCH(1,1) model with Student-t innovations has the smallest WSSVE, hence, according to this

criterion, it is the best model we have examined. Apparently, this model describes the down-side

risk of investing in the Dow Jones Industrial Average best, as was the case for the AEX portfolio,

owing to its ability to handle volatility clustering by means of a GARCH(1,1) specification for the

variance, and the underlying heavy tailed Student-t distribution that takes care of the remaining

leptokurtosis caused by extreme returns.

As for the tail index estimation techniques, that appeared to be tailor-made for estimating

large quantiles the results are very disappointing. This is due to the fact that the method assumes

an iid sample of random variables. Dańıelsson and De Vries stress that this is by no means a

very restrictive assumption. They claim that under various forms of time-dependence, the results

still hold. In fact, De Haan, Resnick, Rootzen, and De Vries (1989) show that the stationary

distribution of the ARCH process varies regularly at infinity, and Resnick and Starica (1998)
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argue that the Hill estimator is consistent under the assumption of ARCH. Consequently, the tail

index estimation methods we have seen in this chapter should be able to predict the Value-at-Risk

even though there is statistical evidence that the distribution of stock returns changes through

time (volatility clustering). Here we see that these asymptotic results have not much practical

importance. The results for the important 1 percent level clearly show that the 1 percent extremes

are still correlated over time. The graphs show that, broadly speaking, the Hill estimator seems

to perform even worse than the least squares method at this level. Even at the most cautious left

tail probabilities, such as 0.1 and 0.01 percent, where one would expect the tail index techniques

that focus on the prediction of extreme events to excel, the results are not very convincing. One

might as well use the static Student-t distribution, that gives similar failure rates but at lower VaR

costs. The best results however, are reached with the conditional GARCH-t model. Apparently,

volatility clustering can not be disregarded, even at the lowest probability levels. Of course, at

these levels, model accuracy can hardly be tested.

Given the poor performance of the tail index estimators, it is all the more striking that these

methods result in the lowest capital requirement (if a maximum stress factor of 4 is maintained).

This adverse result is primarily due to the α-root of time rule. If the square root of time rule would

also be applied to these estimates, the capital requirement would become 20.59 (Hill) respectively

21.97 (LS). The dispersion of capital charges across methods is not very stimulating. The GARCH

Student-t is clearly optimal at the 1% level, but GARCH-normal gives on average the lowest charge.

Based on these results for linear stock portfolios, more differentiation in the penalty rate seems

desirable.

5 Conclusions

In this paper the relatively novel risk management concept of Value-at-Risk has been examined.

Many practitioners have embraced Value-at-Risk as an easy to understand measure of the down-

side risk on an investment portfolio. Value-at-Risk has not only found its way to the internal

risk management of banks and other financial institutions, but we have seen that it has also been

firmly rooted in the regulations that supervisors have imposed on them. And although these

regulations have been subject to some criticism—the Basle Committee has rather arbitrarily set

certain parameters, notably the (range of the) multiplication factor—, it is generally felt that they

constitute a vast improvement on the former rigid legislation.

The study has been concerned with the Value-at-Risk analysis of the stock market. A wide

variety of Value-at-Risk models has been presented and empirically evaluated by applying them

to a fictitious investment in the Dutch stock market index AEX, mainly for illustrative purposes.

Subsequently, a more rigorous approach was taken by applying all of the presented Value-at-
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Risk techniques to another stock market index, the Dow Jones Industrial Average. The generous

availability of historical daily return data on this index allowed us to more realistically imitate

the behaviour of banks, namely by re-estimating and re-evaluating the Value-at-Risk models each

year. The main conclusions are:

1. By far the most important characteristic of stock returns for modelling Value-at-Risk is

volatility clustering. This can effectively be modelled by means of GARCH. Even at the

lowest left tail probabilities (up to 0.01%), modelling GARCH effectively reduces average

failure rates and the fluctuation of failure rates over time, whereas at the same time the

average VaR is lower.

2. For left tail probabilities of 1% or lower, the assumed conditional distribution for the stock

returns needs to be fat-tailed. The Student-t distribution seems to perform better in this

respect then the Bernoulli-normal mixture. At the 5% level, the normal distribution performs

best.

3. Tail index techniques are not successful, due to the fact that they do not cope with the volatil-

ity clustering phenomenon. At the 1% level the assumption of a constant VaR throughout

a year resulted in up to 35 violations of the VaR in one year (1974). Even at the 0.1% level,

the average number of VaR violations over the last 39 years was significantly higher than to

be expected.
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